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PEEFACE. 



TN publishing the following work, the Author's principal 
-*- intention has been to explain those difficulties which 
may be encountered on first reading the Principia, to illus- 
trate the advantages of Newton's methods by shewing the 
extent to which they may be applied in the solution of 
problems, and to prepare the student for engaging in the 
study of the higher branches of mathematics by exhibiting 
in a geometrical form some of the processes employed in 
the Differential and Integral Calculus, and in the Analyti- 
cal investigations in Dynamics. 

The Author has endeavoured, in preparing the version 
of the first three Sections of the Principia, to adhere closely 
to the original form in the first Section and in the begin- 
ning of the second ; and in the cases in which sentences 
have been interpolated or the form of the demonstration 
changed, such changes and interpolations have been marked 
by brackets. 

In the second and third sections these indications of 
deviation from the original form have been discontinued. 



VI PREFACE. 

In the first section in which the Lemmas are estab- 
lished, which are the basis of Newton's investigations, 
although it is generally advisable not to deviate from the 
original, yet in some cases his demonstrations are pur- 
posely expressed very concisely, and, in the fifth Lemma, 
he is contented with simply giving the enunciation, so 
that in these cases it is considered that no distinctness 
has been lost by the interpolations which have been 
made. 

Throughout the Problems and Theorems which depend 
upon the sixth proposition, the variations have been re- 
placed by equations. By this method of treating the 
subject, now commonly adopted in treatises professing to 
be versions of these Sections of the Principia, it is 
believed that clearer ideas of the meaning of each step 
of the demonstrations are obtained by the student. 

The Author desires to make his acknowledgments of 
the great assistance which he has derived in the prepara- 
tion of the Notes, from the study of WhewelTs Method of 
Limits, from which the Articles 49 to 56 have been almost 
entirely taken : he has also made use of several editions of 
Newton, and especially of Carr's, He takes this opportu- 
nity of thanking several of his friends who have kindly 
given him their assistance in preparing his papers for the 
press, and in verifying the results of the Problems. 



PREFACE. Vll 

The principal portion of the Problems have been selected 
from the papers set in the examinations for the Mathe- 
matical Tripos and in the course of the College examina- 
tion, especially in those of St John's College. 

The Author has been influenced in this selection by his 
desire practically to bring before the student the great 
advantages which undoubtedly arise from a judicious use 
of geometrical methods* 

It is only necessary to add, that care has been taken 
that no problems be introduced which are not capable of 
solution by methods given in the work. 



Cambridge, 

October 25, 1854. 
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SECTION I. 
On the Method of Prime and Ultimate 

LEMMA I. 

Quantities, and the ratios of quantities^ which, in any finite 
time, tend constantly to equality, and which, before the 
end of that time, approach nearer to each other than by 
any assigned difference, become ultimately equal. 

If not, let them become ultimately unequal, and let their 
ultimate difference be D. Hence, [since, throughout 
the time, they tend constantly to equality,] they cannot 
approach nearer to each other than by the difference D, 
contrary to the hypothesis, [that they approach nearer 
than by any assigned difference. Therefore, they do 
not become ultimately unequal, that is, they become 
ultimately equal.] 



Variable Quantities. 
1. The Quantities, of which Newton treats in this Lemma, 
are variable magnitudes, described by a supposed law of con- 
struction, the variation of these magnitudes being due to the 
arbitrary progressive change of some element of the construc- 
tion employed in the statement of the law. 

NEWT. B 




3 NEWTON. 

When, in the progressive change of this element, it receives 
the last value which is assigned to it in any proposition, the 
hypothesis is said to arrive at its ultimate form. 

Thus, if ABP he a semicircle, ACB its diameter, BP any arc, 
PM the ordinate perpendicular to 
ACB, as the arc BP gradually dimi- 
nishes, AM is a variable magnitude, 
continually increasing, and BP is the 
element of the construction, to the arbi- 
trary change of which the variation of i •£ ' ' L 

AM is due; and if BP may be made 

as small as we please, AM approaches to AB 9 and the hypothesis 

approaches its ultimate form. 

Again, if ABO be a triangle, and AB be divided into a number of 
equal portions, Aa 9 ab, bc>.. . and a O 

series of parallelograms be inscribed 
upon those bases, whose sides aa, 
b/3, cy, . . . are parallel to BO and / ^NJ? 

terminated in AO y the sum of the 

areas of the parallelograms will be / / / 7\flt 

a variable magnitude, defined by 
that construction, and changing in a 
progressive manner, if the number of parts into which AB is divided 
is continually increased. In this case the number of parts is the vari- 
able element of the construction. In the ultimate form of the hypo- 
thesis, it will be shewn (Lemma II.) that the sum of the parallelograms 
is the area of the triangle, when the number is increased indefinitely. 

2. The variation of a magnitude is continuous, when in the 
passage from any one value to any other, throughout its change, 
it receives every intermediate value, without becoming infinite. 
When this is not the case the variation is discontinuous. 

According to the hypothesis in the last illustration, the number of 
parts into which AB is divided being exact, the magnitude varies dia- 
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continuously, i. e. the sum of the areas does not pass through all the 
intermediate values between any two states of the progress. 

If the hypothesis be changed, equal portions being set off com- 
mencing from B, and Aa remaining over and above after ba, the last 
of the portions for which there is room, these equal portions could be 
made to diminish gradually, and the sum of the areas would vary 
continuously. 

Tendency to Equality. 

S. Quantities are ultimately equal, when they are ulti- 
mately in a ratio of equality. 

4. Quantities, which always remain finite, throughout the 
change of the hypothesis, by which they are described, tend 
continually to equality, when their difference continually dimi- 
nishes. 

Thus, if BQ be an arc, always half of BP, in fig. 1, and QN the 
corresponding ordinate; as BP continually diminishes, AM and AN 
remain finite, and their difference continually diminishing, they tend 
continually to equality. 

5. Quantities, which may become indefinitely small, as the 
hypothesis is indefinitely extended, tend continually to equality, 
when the ratio of their difference to either of- them continually 
diminishes. 

To illustrate this tendency to equality, we observe that BM and 
BN have a difference, which tends continually to become 8BN, the 
ratio of which to either is finite, so that, although both tend to be- 
come indefinitely small, as the hypothesis tends to its ultimate form, 
BM and BN do not satisfy the condition requisite for a tendency to 
equality. 

Draw the chords BP, BQ, these are equal to the arcs when they 
are diminished indefinitely, as will be shewn. 

And (chord BP)* = AB . BM, 
(chor&BQy = AB.BN; 

B2 



4 NEWTON* 

.-. BM : BN :: (chord BP) 9 : (chord BQ? 9 

:: (arc BP)* : (bxqBQ) 9 , 

:: 4 : 1 • 
.-. Jftf : BN :': 3 i l/ 

Observations on the Lemma* 

We will now proceed to examine the force of the other 
important terms employed in the statement of the first Lemma. 

6. The expression " in any finite time " (tempore quovis 
finito), signifies what has been called the indefinite extension of 
the hypothesis, from some definite state to its ultimate form*. 

The law of the variation of the magnitudes under con- 
sideration is obtained by the examination of their construction 
while the element, to which the change is due, is at a finite 
distance from its final value, and the finite time is the supposed 
time occupied in the passage from this definite to the ultimate state. 

In the first illustration (Art. l), it denotes the progressive diminu- 
tion of BP, from being a finite magnitude to the point of evanescence. 

In the second, the progress from any finite number of equal portions 
to an indefinite number. 

7. The expression, " which constantly tend " (quae con- 
stanter tendunt), signifies that from the commencement of the 
finite time to the limit of the extension of the hypothesis, the 
differences continually diminish. 

To illustrate this mode of expression, let BC be a quadrant of a 
circle whose bounding radii are OB, _n 
00, and let BDA be a straight ~~ 
line cutting the arc BDC and the 
radius 00 in D and A, and let OP 
be a radius revolving from OC to 
OB, and cutting BA in Q 9 E the 
bisection of the arc BD, OP and OQ 
twice tend to equality, viz. from oT 

• Vide WheweU's Doctrine of Limits. 
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00 to OD and from OE to 02?, and once from equality from OD to 
OB; it is only from OE to OB that 0P" and 0Q" tend to equality 
continually, during the progress, and it is from such a position as OE 
that the finite time must he considered to commence, 

8. " Before the end of that time/' (ante finem temporis,) 
implies that however small the given difference may be, a less 
difference than that difference is arrived at, while the distance 
from the ultimate state is finite, however near to the final state 
it may be necessary to proceed. 

Thus, if, in the last figure, the angle BOD be 60°, the radius one inch, 

and the given difference tt^ztz or -rrrr^r of an inch, the difference 
fi 100000 100000 ' 

is less, if the revolving radius be 2' or 1 ' from the ultimate position ; 

and so on, however small the difference which is chosen, 

9. In the proof of the Lemma, if the ultimate difference be 
D, the quantities cannot approach nearer than by that given 
difference; otherwise, they would, in one part of the progression, 
have been tending from equality in order to arrive ultimately at 
that difference, contrary to the statement of the proposition in 
the words, " ad sequalitatem constanter tendunt." 

The nature of the proof, which is more difficult than may at first 
sight appear, can he illustrated as follows, by examining the effect of 
the omission of some of the points in the statement of the Lemma. 

Draw 0y, Ox at right angles, AB any straight line meeting Oy in 
A, CED a curve touching y 2*' 

AB in E and meeting Oy in 
C, GU another touching a 
straight line parallel to AB 
in 0, MQPP' a common 
ordinate. 

As OM diminishes until 
it becomes indefinitely small, 
MQPP* moves up to Oy. 




6 NEWTON. 

In both curves, the ordinates MQ and MP or MP* have an ulti- 
mate difference CA, equal to D suppose. 

Omit the word " constanter," and the curve CED is admissible in 
a representation of the approach of the quantities. 

For the ordinates approach, before the end of the time, nearer than 
by any assignable difference, viz at E, but the condition of continual 
tendency to equality is not satisfied. 

Omit the words "ante finem temporis, &c." and CJy is sufficient* 

For, in this case, they tend continually to equality, but before the 
end of the time they do not approach nearer than by any assignable dif- 
ference, and they are ultimately unequal. 

In the case of the dotted line ARF touching AB at A, all the con- 
ditions are satisfied. QM and RM tend continually to equality, and 
their difference may be made less than any given difference before OM 
vanishes. 

Limit of a variable quantity. 

10. When a variable quantity tends continually to equality 
with a certain fixed quantity, and approaches nearer to this quan- 
tity than by any assignable difference, as the hypothesis deter- 
mining its variation is approaching its ultimate form, this fixed 
quantity is called the Ltmit of the variable quantity. 

The tests are, — that there should be a tendency to equality; — 
that this tendency should be continued from some finite condi- 
tion; — and that the approach should, during the progression to the 
ultimate form, be nearer than by any assignable difference. 

Thus, as is mentioned in the Scholium at the end of the sec- 
tion, the variable quantity does not become equal to, or surpass 
the limit, before the arrival at the ultimate form. 

Limiting ratio of variable quantities. 

11. If two quantities continually diminish or increase, and 
the ratio of these quantities tends continually to equality with 
a certain fixed ratio, v and may be made to differ from that ratio 
by less than any assignable difference, as the hypothesis deter- 
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mining their variation is indefinitely extended ; this fixed ratio 
is called the limiting ratio of the varying quantities. 

Ultimate ratio of vanishing quantities. 

12. When the ultimate form of the hypothesis brings the 
quantities to a state of evanescence, they are called vanishing 
quantities; and the limiting ratio, or the limit of the ratio, is 
the ultimate ratio of the vanishing quantities. 

The expression, " Vanishing quantities,' 9 does not imply that 
the quantities are indefinitely small while under examination, but 
only that they will be so in the ultimate form ; which observa- 
tion implies that the ratio of the vanishing quantities is not an 
equivalent expression with, the ultimate ratio of the vanishing 
quantities, the former being taken " ante finem temporis." 

" Ultima rationes ill® quibuscum quantitates evanescunt, re- 
vera non sunt rationes quantitatum ultimatum." See Scholium, 
at the end of the section. 

Thus, 

Let GC 9 FC be two straight lines intersecting AB in G, F 9 ADE, 
MPQ, perpendicular to AB. 




Let a, be the areas AMPD, AMQE, 

a : /3 :: AD + MP : AE+MQ, 

and let MPQ be supposed to move up to ADE, then, in the ultimate 
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form of the hypothesis, a and j3 vanish, and are called vanishing quan- 
tities from this circumstance. 

Also, the ultimate ratio of the vanishing quantities Is AD : AE. 

Whereas, since MP : MQ is not equal to AD : AE, the ratio of 
the vanishing quantities AD + MP : AE+MQ is different from 
AD : AE. 

Prime Ratios. 

13. If the order of the change in the form of the hypo- 
thesis be reversed, or the varying quantities be tending from 
equality, having started into existence from the commence- 
ment of the time, the quantities are called nascent quantities ; 
and the ratio with which they commence existence is called the 
prime ratio of the nascent quantities. 
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Application of Lemma I. to the investigation of certain Limits. 

1. Limit c 

mately vanishes. 

Since the difference between - — and - is r-7- r, this difference 

x—X 2 2Q2— x) 

continually diminishes as x gradually diminishes, and, by diminishing 

x sufficiently, may be made less than any assignable difference. 

Hence, tends continually to equality with - , if we commence 

At ~~ X 2 

from some value of x less than 2, and the difference may be made less 
than any assignable quantity ante finem temporis 9 therefore - is the 
limit required. 

2 + X 

2. Limit of , when w increases indefinitely. 

Since the difference --— * -7- — --^ which continually di- 

5 + 8x S S(5+2#) J 

minishes as x increases, and may be made less than any assignable dif- 
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ference ; therefore, as before, - satisfies all the conditions of being a 
2+# 



limit of 



5+3x' 



8. Tangents are drawn to a circular arc, at its middle point, 
and at its extremities. Shew that the area of the triangle 
formed by the chord of the arc, and the two tangents at the 
extremities, is ultimately four times that of the triangle formed 
by the three tangents. - 

Let C be the middle point of the arc, AB the chord, FA, FB 9 DCE 
the three tangents, 

±FDE : * FAB :: FC* : FG*. 
Now FC(FC+ 2CO) = FA 9 

= FO.FG; 

.-. FC : FG :: FO : FC+2CO; 

.*. since FC vanishes in the limit, 

FC : FG :: CO : 2CO ultimately; 

.-. FG - 2FC ultimately, 

and a FDE : aFAB :: 1 : 4. 

4. Limit of , when w differs from 1 by an indefi- 

w — 1 

nitely small quantity, m being any number, rational or integral, 

positive or negative. 

1st, where m is a positive whole number 

x — 1 ' 

which may be made to differ from m by less than any assignable differ-* 
ence by takiog x sufficiently near to unity ; 

x m 1 




m is the limit of 



x-1 ' 



Sndly, Let m = J— ^-? , p, q 9 and r being positive whole numbers, 
and let *«y» 
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yv- 


-1 
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l-(y-l) 
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f- 


-1 JC-1 
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-1 S -\ 


t 


y-i ' 



This may be made to differ from - — - by a quantity less than 'any 
assignable quantity by taking x, and ,'. y, sufficiently near to unity; 
/. tn or - — - is the limit required. 

When we divide the numerator and denominator by y - 1, y is not 
equal to 1, the time chosen being mnte finem temporis, while the differ- 
ence is finite : as in the directrix in the Scholium referred to above ; 
" Cave intelligas quantitates magnitudine determinatas, sed cogita sem- 
per diminuendas sine limite." 

5. Limit of — , when n is indefinitely 

increased. 

Since this sum is the arithmetic mean of the » fractions 

&•&• oy. 

therefore, for all positive values of p 9 integral or fractional, it lies 
between 

Q)' and g)' orl, 

•*. its ultimate value lies between and 1. 

This being an important limit, we will investigate it first for the 
particular case in which p is integral and positive, and then generally, 
when p is any positive quantity. 
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Let £ JI =l' + 2 ,, + +»*. 

Then fi ltH »l» + 2'+ + n'+(« + iy; 

If therefore we assume that 

$ > = 4rf» 1 + JBi* + +Z» + 3f, 

.-. S^,«^7+7] l>fl + 5nTr|'+ + Z,(n+l) + itf, 

(n + iy = ^(TmT]* 1 - fO + £(»7T|'- «P) + 

+ &c. 

= ^{(p + l)»'+(p + l).|n'- l + } 

+ B{p?ir l +p.£^n'-* + ) + 

+ &c. 
we obtain, by equating coefficients, p equations for determining the 

p constants A, B, L, &c. which reduce the equation to an identity. 

The first of these equations is 

l = (p + l)A; 

.'. S^-^.^ + Bn** 



S H 1 B C M 



the number of the terms following being finite. 

Hence, if n be increased, we may make the difference between 

-jr. and r 

n?+ l p + 1 

diminish until it becomes less than any assignable quantity; 

/. 7 is the limit required. 

p + 1 ^ 

Next, let p be any positive quantity, and let I be the limit of 

l f + 2'+ +Tf 
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.\ l» + fi* + + n' = /** l + £/i*+Cn Y + 

where p+ 1, /?, y are in descending order, and B 9 C, .... 

constant, 

and —j — '-^l vanishes, when n is made infinitely large. 

.-. i>+2'+ +7rn^=i*rrrY ¥i +Bn+if+--' 

n n 

+ 

.*. observing that, when n is increased indefinitely, 

1 



('♦#-' 



1 — -*» 
n 



. i / ^iw^r •* 4? /3(l + 05n p + 7(l+OCn Y + 

/. l = (p + lH + hmit of '— - '-^r. '- ; 

where e, e',... vanish ultimately. If now e x be the greatest of the 
quantities €, e',... 

— ^s u less than (1 + e,) /3 x —3 , 

.% since ^, -* are each <1; 



1 = (p + 1) I ultimately ; 

i- 



.•• is the limit required. 
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1 
P m 



Cor. — is evidently the limit of the sum 



l'+g'* + n-i]* 

if* ' 



ft* 

Since -rrr vanishes in the limit 

a* 

6. Limit of (cosd)*, when is indefinitely diminished. 

•! 

Let* -(cos*)*; 

••• l<*W-gi log (cos0)-£y,log(l -sin 8 *) 
a" sin"0 l . 

Now — g— = 1 ultimately, (Lemma VII.) 

^Sn^ 10 ^ 1 - 8 " 1 '*) 
m - (1 + 1 sin" a + i sin 4 6 + ) 

and the series in this bracket is greater than 1, and less than 

1 + sin*0 + sin 4 + or-; r-ra^sec^fl, 

1 - sin" 

and the difference between 1 and sec" 6 = tan" 6 vanishes in the limit ; 

••• -*T3 l°g (* "" 8 i n * <0 = 1 ultimately ; 

a % 
•'• i°g ( M ) - ~ o" ultimately ; 

.*, ti s e * which is the limit required. 
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I. 

1. Are the limits of the ratios y 2 : x equal in any of the 
three equations, 

(1) y* — oaf, (2) y* m cm - 6*, (3) y* « av - #*, 

when # is indefinitely diminished? 

2. Find the limit of , 

1 + Sx 

(1) when w is indefinitely diminished, 

(2) when x is indefinitely increased. 

3. Find the ultimate ratio of the vanishing quantities 
ax + 6# 8 , ft<v -h ax % , when w is made indefinitely small. 

4. 5^4(7, Mc are two triangles, in which AB, Ab and 
AC, Ac are coincident in direction, and BC % be intersect in P ; 
prove that if the areas of the triangles are equal, as B, C and 
b, c approach, each to each, P is ultimately in the point of bisec- 
tion of BC. 

5. If the angle A in the last construction be a right angle, 
and the hypothenuses BC, be be equal, shew that the ultimate 
ratio of 

Ac-AC:AB-Abh AB : AC, 
and that PB : PC :: AC* : AB 2 . 

6. If in the right-angled triangles ABC, Abe the perimeters 
be equal, shew that the ultimate ratio of the vanishing quantities 

Bb : Cc is AC + BC : AB + BC. 

7. Also shew that the ultimate ratio of the areas 

BPb : CPc is {BC + AC) {BC - AB) : {BC - AC) {BC + AB). 
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8. Tangents are drawn to a circular arc at its middle point, 
and at its extremities, and the three chords are drawn. Find 
the limit of the ratio of the triangles contained by the three 
tangents and the three chords when the arc is indefinitely dimi- 
nished ; shew that it is 1 : 2. 

9. In the last construction shew that one of the triangles 
contained by two tangents and a chord is eight times either of 
the two other triangles, when the arc is indefinitely diminished. 

10. APQ is a parabola, PM, QN ordinates to the axis 
AMN, with centres M and N and radii PM, QN two circles 
are drawn, shew that when N approaches indefinitely near to 
M, the distance of the point of intersection of the two circles 
from PM is ultimately equal to the semi-latus rectum. 

11. APQ, ABC are two straight lines which are inter- 
sected by two fixed lines BP, CQ, prove that as APQ moves up 
to ABC, PC and QB intersect in a point whose ultimate position 
divides BC in the ratio of AB : AC. 

12. ABC, APQ are drawn to cut a circle from an external 
point A, BU, CTare tangents at B and C to the circle, meeting 
APQ in U, T\ shew that the ultimate ratio of PU : QT is 
AB* : AC 2 . 

IS. AB, AC are two right lines; AC lt AC 2 , AC Z , ... AC n 
are set off on AC in the proportion of 1, 2, 5,...w, S is a fixed 
point, and the right lines C X S, C % S,...C H S cut ABin D^.^D^ 

Shew that if AC X be very large compared with the distance 
of S from AB, the limiting ratio of 

D n ^, 1 D u : D n D n + x is n + 1 : n - 1. 
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14. Find the limit of f l + -] when n is indefinitely in- 
creased. 

15. Find the limit of - l 9 (1 + n) when n is indefinitely 
diminished. 

LEMMA II. 

If, in any figure AacE, bounded by the straight lines Aa, AE 
and the curve acE, any number of parallelograms Ab t 
Be, Cd, £c. be inscribed, upon equal bases AB, BC, CD, 
4-c, and having sides Bb, Cc, Dd, $c. parallel to the side 
Aa of the figure ; and the parallelograms aKbl, bLcm, 
cMdn, $c. be completed; then, if the breadth of these 
parallelograms be diminished, and the number increased 
indefinitely, the ultimate ratios which the inscribed figure 
AKbLcMdD, the circumscribed figures AalbmcndoE, and 
the curvilinear figures AabcdE, have to one another, are 
ratios of equality. 




For the difference of the inscribed and circumscribed 
figures is the sum of the parallelograms Kl, Lm, J\fn, 
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Do, that is, (since the bases of all are equal) a paral- 
lelogram whose base is Kb, that of one of them, and 
altitude the sum of their altitudes, that is, the paral- 
lelogram ABla. But this parallelogram, since its 
breadth is diminished indefinitely, [as the number of 
parallelograms is increased indefinitely,] becomes less 
than any assignable parallelogram, therefore (by Lem- 
ma I), the inscribed and circumscribed figures, and, 
a fortiori, the curvilinear figure, which is intermediate, 
become ultimately equal 

LEMMA m. 

The same ultimate ratios are also ratios of equality, when the 
breadths of the parallelograms AB, BC, CD,. . . . are unequal, 
and all are diminished indefinitely, 
a, 1/ 

x/ 




For, let AF be equal to the greatest breadth, and the 
parallelogram FAafbe completed. This parallelogram 
will be greater than the difference between the inscribed 
and circumscribed figures. But, when its breadth is 
diminished indefinitely, it will become less than any 
assignable parallelogram. [Therefore, a fortiori, the 
difference between the inscribed and circumscribed 
figures will become less than assignable areas. Hence, 
by Lemma I, the ultimate ratios of the inscribed and 
nbwt. c 
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circumscribed and the curvilinear figure (which is inter- 
mediate) will be ratios of equality.] 

Cor. 1. Hence the ultimate sum of the vanishing paral- 
lelograms coincides [as to area] with the curvilinear 
figure. 

Cor. 2. And, a fortiori, the rectilinear figure which is 
bounded by the chords of the vanishing arcs a 6, be, cd, 
&c. ultimately coincides [as to area] with the curvilinear 
figure. I 

Cor. 3. As also the re^ilinear circumscribed figure, which I 
is bounded by the tangents of the same arcs. j 

Cor. 4. And these ultimate figures, with respect to their 
perimeters acJE, are not rectilinear, but curvilinear limits 
of rectilinear figures. 



14. The Propositions concerning limits of Quantities and 
their ratios state, (l) the hypothesis by which the quantities 
are defined, (2) the manner in which the hypothesis approaches 
its ultimate form, and (3) the ultimate property when the hypo* 
thesis is thus indefinitely extended. 

The strength of the proofs lies in the examination of the 
quantities, while the hypothesis is in a finite state, before arrival 
at the ultimate form, and the deduction of properties by which 
the relations of the quantities can be pursued accurately to the 
ultimate state. 

In the statement of the Lemmas II, and III, the hypothetical 
constructions give the manner of describing the parallelograms; the 
extension of the hypothesis towards its ultimate form is the continual 
increase of the number of parallelograms in infinitum; the limiting 
property, is the equality of the ratio of the sums of the parallelograms 
and the curvilinear area. 

In the proof of the Lemmas, the continual decrease of the parallelo- 
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grams Al or Af, shews that the conditions of ultimate equality of two 
quantities are all satisfied, viz., that the sums of the two series of 
parallelograms tend continually to equality, and that they approach 
nearer to each other than by any assignable difference, "ante finem 
temporis," while the number of the parallelograms remains finite. 

Volumes of Revolution. 

15. In a manner exactly similar to Lemma IT, it may be 
shewn, that, if Aa be perpendicular to AE, and the whole 
figure revolve round AE as an axis, the ultimate ratios which 
the sums of the volumes of the cylinders, generated respectively 
by the rectangles Ab 9 Bc 9 ... and aB, bC,... and the volume of 
revolution generated by the curvilinear area AEa have to each 
other, are ratios of equality. 

The figure represents the cylinders generated by the in- 
scribed rectangles. 




Thus, the difference of the cylinders generated by Ab and 
aB is the annulus generated by the rectangle ab, and the 
difference of the two series of cylinders which have each the same 
height, AB = BC = ... is the sum of such annuli, and is easily 
seen to be the cylinder generated by aB, which, since the height 
continually diminishes, may be made less than any assignable 
volume, and the conditions, that the two series may have the 
Same limit, are satisfied, and hence also the volume of revolution, 

02 



20 NEWTON. 

which is greater than one sum and less than the other, is ulti- 
mately in a ratio of equality to either sum. 

The same argument applies, if the revolution be only 
through a certain angle instead of being complete: in which 
case the cylinders are replaced by sectors of cylindrical volumes. 

Sectorial Areas. 

16. The Lemmas may be extended to sectorial areas. 
Thus, if SABCF be a sectorial area, and the angle ASF be 
divided into equal portions ASB, 

£SC 9 and the circular arcs Ab' f 

aBc, bCcT, be drawn with center 

S; then, since the difference of the 
two series of circular sectors is the sum 

of the areas ab\ be', it is equal 

to the difference of the greatest and 
least of the sectors, viz. AGHb' and the 

two areas SAb'Bc , and SaBbC 

, tend continually to equality as 

the number of angles is increased, and __ 

their magnitudes diminished, and the S 

ratios which these areas have to each other and to the area 

SABF are ultimately ratios of equality. 

Similarly for Lemma III. 

Surfaces of Revolution* 

17. The following proposition is the extension of the prin- 
ciples of the Lemmas to the determination of a method for 
finding the area of a surface of a solid of revolution. 

CD is a plane curve which generates a surface of revolution 
by its revolution round AB a line in its plane. 

CD is divided into portions of which PQ is one, PM, QN 
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P 


Y* 
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perpendicular to AB. Pp 9 Qq are drawn parallel to J£, and 
each equal to PQ in length, pm, qn perpendicular to AB. 
The surface generated by CD shall be the limit of the sum 
of the cylindrical surfaces gene- 
rated by such portions as Pp or 
Qq. For, the cylindrical surfaces 
generated by Pp and Qq are one 
less, and the other greater than 
that generated by PQ. 

But these surfaces are respec- 
tively 2wPM . Pp and Sir QN. Qq, 
and their difference is 

2ir (QN- PM) PQ 9 jl lorjw, 

the ratio of this difference to the surfaces themselves is 

QN- PM:PM 9 or QN, 
which ratio is ultimately less than any given ratio. 

Hence the sums of the surfaces generated by the lines cor- 
responding to Pp and Qq have the ratio of their difference to 
either sum in a ratio less than the greatest ratio QN- PM: PM 
which may be made less than any finite ratio. Therefore the 
sums of the cylindrical surfaces, and the curved surface, which is 
intermediate in magnitude, are ultimately in a ratio of equality. 

General Externum. 

18, If any magnitude A be divided into a series of magni- 
tudes A X A 2 A n and two series of quantities a x a t a* and 

&1&2 b n can be found such that 

<h > A x > b l9 

a 4 > A % > b 8 , 



and a x - b x : a lf a* - b t : a % are ratios, each of which be- 
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comes less than any finite ratio, when the number is increased ; 
then a t + a % + + an, 6j + b 2 + + b M and A are ulti- 
mately in a ratio of equality. For, let 1:1 be equal to the 
greatest of the ratios a x - b x : a u &c. 



ai-6i + o»-6« + : ^ + 0,+ 



is a ratio less than 1 : 1, and may therefore be made less than 
any assignable ratio by increasing the number. Therefore the 

two series ch. + a 8 + and b x +b» + tend continually 

to equality, and the difference may be made before the end of 
the time less than any assignable magnitude; therefore the 
three magnitudes are ultimately in a ratio of equality. 

19. Cor. 1. " Omni ex parte" has not been adopted from 
the text of Newton, because it requires limitation, for the peri- 
meters do not coincide with the perimeter of the curvilinear area. 

In the figure for Lemma II, the perimeter of the inscribed 
series of parallelograms is 

AK + Kb + bL+Lc + + EA - 2AK + ZAE, 

and the limit of this perimeter is $Aa + lAE. 

The perimeter of the other series of parallelograms being 
also 2Aa + 2AE is constant throughout the change, and has 
properly no limit. 

20. Cor. 2. The perimeter of the figure bounded by the 
chords ab,bc, ultimately coincides with that of the curvi- 
linear figure. This coincidence is discussed under Lemma V. 

21. Cor. 3. The same is true for the figure formed by the 
tangents. 

22. Cor. 4. Instead of " propterea" it would be advisable 
to state, as in WhewelTs Doctrine of Limits, that, if a finite 



LEMMA II, III. 23 

portion of a curve be taken, and if many points be taken in the 
curve, so as to form a polygon, the sides of which are chords, 
taken in order, of portions of the curve, and if the number of 
those points be increased indefinitely, the curve is the limit of the 
polygon. 

Application to the determination of certain areas, volumes, %c. 
l. Area of a parabola bounded by a diameter and an 
ordinate. 

Let AB, BC be the bounding abscissa and ordinate. Complete the 
parallelogram ABCD. 

Let AD be divided into » equal 
portions, of which suppose iM to 
contain r and MN to be the (r + 1)*, 
draw MP, NQ parallel to AB, meet- 
ing the curve in P, Q, and Pn pa- 
rallel to MN; the curvilinear area 
ACD is the limit of the sum of the 
series of parallelograms constructed, J - 
as PN, on the portions corresponding to MN. 
By the properties of the parabola, 

PM : CD :: AM* : AXF 
:: r* : n\ 
and MN : AD :: 1 : n; 
.-. PM.MN : AD. CD :: r 9 : n 9 ; 

.'. parallelogram PN : parallelogram ABCD, 
:: r* : n 9 ; 

.". parallelogram PN.= -j x parallelogram ABCD ; 

.*. the sum of the series of parallelograms 

as T+2'+......-fn^TT xparallelogram ABC D, 
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and 



i f +2 f + +«^n , 



1 



when the number is increased indefinitely, 

.*. proceeding to the ultimate form of the hypothesis, 

the curvilinear area ACD = - of the parallelogram ABCD. 

2 
•\ the area ABC = - of the parallelogram ABCD. 

Cor. 1. If we had inscribed the series of parallelograms in ABC, 
AB being divided into n portions, we should have arrived at the result 

i*+g*+ +;rm* 

for the ratio of the series to the parallelogram ABCD, which might 

2 
thus have been shewn to be ultimately - . 

o 

Cor. 2. If BC had been divided into n equal portions, the paral- 
lelogram corresponding to PN would have been 

— j— x parallelogram ABCD, 

and the ratio of the area .li?C to the parallelogram ABCD, the limit of 
n , -l* + w"-r J + +» i -w^Tl i 



, t l a + g' + + JI-11* - 1_2 

; \ — =■ I — — — — • 

tr S3 



2. Volume of a paraboloid. 

Let AKH be the area of a para- Z 
bola cut off by the axis AH and 
an ordinate HK, which by its revo- tv 
lution round the axis generates a para* ^ 
boloid. 

Let AH be divided into n equal 
portions, and PRNM the parallelo- 
gram on MN be the r + ll* ; 
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PM f : HK* :: AM : AH, 
:: r : «, 
M2V : 4JJ :: 1 : n; 
/. PM'.MN : HK\AH :: r : »". 
Cylinder generated by P2V : cylinder by AHKL :: r : n\ 

Cylinder generated by PN= — a x cylinder by AHKL ; 

•\ the sum of the cylinders inscribed = ^^ — - - 

x circumscribed cylinder, 
and when n is indefinitely increased, 

1 + 2 + +w^Tl 1 ... 

jjs- = - ultimately, 

and the paraboloid is the limit of the series of inscribed cylinders ; 
/. the volume of the paraboloid is 

- x the cylinder on the same base and of the same altitude. 

3. Volume of a spherical segment. 

Let AHK generate by its revolution round the diameter AB, the 
spherical segment whose height ibAH. 

Divide AH, as before, 

.\AM=-AH, 
ft 

tmdPM'-AM.MB 

~AM.{AB-AM) 

--AH.AB-^AH*. 

Volume of cylinder generated by PN 

mvPJIP.MN-W.—.PJIP 

n 




wAH'.^AB-jpAH), 
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whence, as before, the limit of the sum 

which is the volume proposed. 

Cob. 1. If AH=-AB = AC, the segment is a hemisphere whose 
volume 

S 

2 
- - x cylinder on the same base and of the same altitude. 

Cor. 2. ItAH=2AC, 
the volume of the whole sphere 

-*wAo(ac. 

4*AP 



■*& 



4. Area of the surface of a right cone. 

As an illustration of the method of finding surfaces given above, 
suppose AHK a right-angled triangle, which revolves round AH, a side 
containing the right angle, AK generates a conical surface. 

Let MN be the r+T)* portion of AH, after division into n equal 
portions, MP, NQ ordinates parallel X 

to HK, Pp, Qq each equal to PQ and 
parallel to AH. 

The areas generated by Pp and Qq 
respectively are 

2w.PM.Pp, and2ip.QZV.Qg, A. WW 
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and PM : HK :: AM : AH :: r : », 

QN: HK:: AN i AH :: (r + 1) : n, 

PQ : .4* v. JUN : Xff :: lis; 

^» r -f 1 

.'. the areas are -z.2irHK.AK, and — g- 2 wi/if. j! if respectively ; 

and the conical surface is intermediate in magnitude to 

«^jr.gjrx 1+ * + '";- +(,, ~ I) , 

nr 7 

and 2*.AK.HKx l +*+'"" + n ; 
nr 

each of which have for their limit wAK.HK which is therefore the 
area of the conical surface. 

Although not related to the method of limits, the reader may notice 
the following method of obtaining the conical surface by development. 

If a circular sector KAK' be cut out and the bounding radii AK, 
AK f placed in contact so that the boundary KLK' forms a circle. 

The figure is conical, and AK is the slant side, HK in the last 
figure is the radius of the circular base whose length is KLK'. 

The area of the conical surface : irAK* 

:: sector KLK! : complete circle KLK'K 
:: 2wHK : 2*AK 
:: TtHK.AK : wAK*; 
.*. mHK.AK is the area of the conical surface. 

5. Mass of a rod whose density Varies as the m th power of 
the distance from the extremity. 

Let AB be the rod, and let MN be the r + l| portion, when its 
length is divided into n equal parts. 
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p .AM m the density at M 9 or the quantity of matter contained in an 
unit of length of the rod supposed of the same substance as the rod at 
the point AT. 

The quantity of matter in MN is intermediate between 

P .AM m .MN 9 andf>iiy*.Mtf, 

the ratio of the difference of these to either of them being less than any 
assignable ratio when n is indefinitely increased; 

and since AM= — AB. 

n ' 

MN = ±AB; 

n * 

.*. the mass of the whole rod is the limit of 

r'+g"* +n^T] m 



AB** 1 



1_ 

"wi + 1 

1 



xp.AB* 1 
of the 



of a rod of uniform 



density equal to that of the rod AB at B. 



6. Center of gravity of the volume of a hemisphere. 

Let CAB be a quadrant which by its revolution round the radius 
CA generates the hemisphere. 

Let MR be the rectangle which gene- 
rates the r+l| th inscribed cylinder; 

CM-— xftf; 
n 

MN^xCA. 

n A. Mlf 

The mass of the cylinder generated by MB is proportional to 
icPM'.MN 
^tiCA'-CM^Ml* 




lemma n, in. /^^Em\ 2 9 
"I 1 — 5 s- / "^ 'IT Ri>v. •'* *y 

n » s — -^ 

.'. the mass of the series of inscribed cylinders is proportional to 

•\ the mass of the hemisphere is proportional to 

*CA*-l*CA*=lirCA\ 
3 3 

Again, the moment of the mass of the cylinder generated by MR 
with respect to the base of the hemisphere is proportional to 

CM+CN 



wQN'.MN. 



2 



which differs from wQN*.MN. CM by a quantity which vanishes com- 
pared with it, and is therefore ultimately proportional to 

•\ the moment of the hemisphere is proportional to 

(I-!)„CA cri-Ci.; 

.*. the distance of the center of gravity of the volume of the hemisphere 
from C 

_ moment with respect to the base 

"~ mass 

7. Area of an equiangular spiral, between bounding radii 
SJ, SL. 
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pendicular to AD, and FC is the greatest value of BE, and 

(AB \ 
— . -it J : l. Shew that the area ABE varies 

as HG, where GK is the ordinate equal to BE of the circle CH, 
whose center is F, and radius FC. 

13. In the curve of the last problem, shew that the ratio 
of the area ACD to the triangle, whose sides are AD 9 and the 
tangents A T, DT at the extremities, is 8 : 7r c . 



14. In the curve AFC, the area 
contained between the curve and the 
abscissa OB and rectangular ordinate 
BC is AO (BC-AO), the relation be- 
tween any ordinate PM and abscissa 
OM being 



OM : OA :: log 






1. 




15. Shew that the center of gravity of a paraboloid of revo- 
lution is distant from the vertex two-thirds of the length of the 
axis, 

16. Shew that the abscissa and ordinate of the center of 
gravity of a parabolic area, contained between a diameter AB 
and ordinate BC, are £ AB and f BC, respectively. 

17. The limiting ratio of a hyperboloid of revolution, 
whose axis is the transverse axis, to the circumscribing cylinders, 
is 1 : 2, when the altitude is indefinitely diminished, and 1 : 3, 
when it is indefinitely increased, 

18. The volume of a spheroid is one-third of the circum- 
scribing cylinder. 
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If in two figures AacE, PprT, there be inscribed (as in 
Lemmas II, III) two series of parallelograms, the number 
in each series being the same, and if, when the breadths are 
diminished indefinitely, the ultimate ratios of the parallelo- 
grams in one figure to the parallelograms in the other be 
the same, each to each; then, the two figures AacE, PprT 
are to one another in that same ratio. 





For, as the parallelograms are each to each, [they being 
ultimately in the same ratio,] so, componendo, is the sum 
of all to the sum of all, and so the figure AacE to the 
figure PprT, for, by Lemma III, the former figure is 
to the former sum, and the latter figure to the latter 
sum in a ratio of equality, q.e.d. 

Cor. Hence, if two quantities of any kind whatever, be 
divided into any, the same, number of parts ; and those 
parts, when their number is increased, and magnitude 
diminished indefinitely, assume the same given ratio 
each to each, viz. the first to the first, the second to the 
second, and so on in order, the whole quantities will be 
to one another in the same giveu ratio. For, if, in the 
figures of this Lemma, the parallelograms be taken each 
to each in the same ratio as the parts, the sums of the 
parts will be always as the sums of the parallelograms : 

NBWT. D 
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and, therefore, when the number of the parts and paral- 
lelograms is increased, and their magnitude diminished 
indefinitely, the two quantities will be in the ultimate 
ratio of parallelogram to parallelogram, that is, (by hypo- 
thesis) in the ultimate ratio of part to part. 



23. The general proposition contained in the Corollary may 
be proved in the following manner : 

Let A, B be two quantities of any kind, which can be 

divided into the same number n of parts, viz. a 19 02, <h #»> 

and b l9 b 2 , b 3 b n respectively; such that, when their 

number is increased and their magnitudes diminished indefinitely, 
they have a constant ratio L : l each to each, so that 

a x : 61 :: L (l + a,) : 1, 
a 2 : b 2 :: L (I + o 8 ) : 1, 



where a u a 2 , vanish in the ultimate form of the hypothesis. 

•\ ai + 02+ : 61 + h + 

is a ratio which is intermediate between the greatest and least of 
these ratios, each of which is ultimately L : 1. 

.\ A : B :: L : 1, 

or A and B are ultimately in the ultimate ratio of the parts. 

Application of Lemma IV to the comparison of certain areas, and the 
determination of certain volumes, masses, tyc. 

1. Area of an ellipse. 

Let ACa be the major axis of an ellipse, BC the semiminor axis, 
A Da the auxiliary circle, and let parallelograms be inscribed whose 
sides are common ordinates to the two curves. 

Let PMNR, QMNU be any two corresponding parallelograms. 
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The ratio of these parallelograms is PM : QM or BC : AC. 

XL 




2T JC 

Hence, by Lemma IV, 

area of ellipse : area of circle :: BC : A C 

:: *AC.BC : wAC*, 
but area of circle = icAC*. 
•\ area of ellipse = mAC.BC. 



Cor. Area of a sector of an ellipse. 

If 8 be a focus of the ellipse, and SP, SQ be joined, 

ASPM : ASQM z: BC : AC, 

and area APM : area AQM :: BC : AC, 

.-. area, ASP : area ASQ :: BC : 4C, 

but area ASQ - AtfCQ + sector -4CQ 

= i^C.QM + iJ[C.arc^Q; 
.-. area^5 , P = i{^C r .PJf+5(7.axc4Q}. 

2. In the following proposition it is asserted that when a 
chord PQ is drawn to a curve from a point P, as Q moves up 
to P, PQ assumes as its limiting position that of the tangent at 
JP, which is deducible from the idea of a tangent being in the 
direction of the curve at the point of contact. 

Area of a parabolic curve cut off by a diameter and an ordi- 
nate to the diameter. 

Let AB f BC be the diameter and ordinate, AD the tangent at A, 
CD parallel to AB, P, Q points near each other, PM, QN and Pm, 
Qn parallel respectively to AD and AB. 



$5 
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Let QlP % produced meet BA in T, complete the parallograms 
TMPS, TNQU. 

J} & 




Then since QP is ultimately a tangent at P, A T = AM ultimately, 
and the parallelogram P U is ultimately double of the parallelogram P«, 
and the complements PN, PU are equal; 

.*. the parallelogram PN, Pn are ultimately in the ratio 2:1. 

Hence, in the curvilinear areas ABC, A CD, two sets of parallelograms 

can be inscribed which are ultimately in the ratio 2:1, each to each ; 

.*. area ABC is ultimately double of area ACD, 

2 
and .*. is -of the parallelogram A BCD, 



3. Volume' of paraboloid, by Lemma IV. 

Let AH be the axis, AHKL the circumscribing parallelogram, 

PN, Pn inscribed in the portions AHK, AKL. 
Volume generated by PN 
= wPM*.MN=w.PM.PN. 

Volume generated by Pn 
= wQN 9 .Am-wPM*.AM 
= nAM.(QN+PM).mn 
= w(QN+PAT).Pn; 
••. vol. by PN : vol. by Pn :: PM.PN : (QN+ PM) Pn 

h PM.ZPn : (QN+PM)Pn ultimately; 
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and QN + PM = 2 PM ultimately ; 

•\ vol. by PN= vol. by P», ultimately; 

.\ by Cor., Lemma IV, 

volume generated by AHK= volume generated by AKL, 

•*. volume of paraboloid = £ volume of circumscribing cylinder. 

4. Center of gravity of a paraboloid. 

Since tbe volumes generated by PN and Pn are ultimately equal, 
the moment of the volume generated by PN with respect to the tangent 
plane at A, 

; moment of that generated by P«, 
:: distance of the center of gravity of PN 9 
: distance of center of gravity of Pn ultimately ; 
i.e. :: AM ; $Pm ultimately, 

:: 2 : 1; 
.*. the moment of volume generated by AUK 
: that of the volume generated by AKL 
:: 2 : 1, 
and the moment of the paraboloid 

2 
= - moment of the cylinder 

r* - volume of cylinder x — — ; 

3 2 

2 
•'. = - volume of paraboloid xAH; 

2 
.'. distance of center of gravity of the paraboloid from A=-AH. 

o 

5. Area of a cycloid. 

Let P, P f be two points very near each other in a cycloid, Q, Q 
corresponding points in the generating circle, p, ft in the evolute, B, B' 
the intersections of the base with normals Pp, P r p\ T, S the intersection 
of W and iy with PQ. 
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Then pR= PR= BQ, (see Appendix), 




and triangle f/BJff : triangle f/PS :: 1 : 4, ultimately. 
Also BQT=j/RR', ultimately, 

BQ, BT being equal and parallel to pR, p'R; 
.\ ABQT : Ap'PS :: 1 : 4, ultimately, 
and ABQT : trapezium PRRS :: 1 : 5, ultimately, 

and the same being the ultimate ratio of all the inscribed triangles, 
and trapeziums, whose sums are ultimately the areas of the semicircle 
and semicycloid ; 

•\ by Cor., Lemma IV, 
area of semicircle : area of semicycloid :: 1 : 5, 

area of the cycloid = 8 times the generating circle. 



6. Center of gravity and mass of a rod whose 
as the distance from an extremity. 



vanes 
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Let AB be the rod, MN a small portion of it, density at 
MocAM. 

Construct on AB as 'axis an isosceles tri- 
angle CAD, whose base is CD, and draw 
PMR, QNS parallel to CD; then PR, QS, 
CD are proportional to the densities at M y 
tfand B; 

.*. the mass of MN is proportional to a 
rectangle intermediate to rectangles PR, MN 
and QS, MN which are ultimately in a ratio 
of equality; 

.*. the mass ofMN is ultimately proportional to the area of the rect- 
angle PR, MN; 

and the moment of MN with respect to the line CD is proportional 
to the moment of the same rectangle, since their distance is the same; 

.". by the Lemma, the moment of the whole rod 

: the moment of the triangle with respect to CD 

:: the mass of the rod : the area of the triangle ; 

.*. the distances of the centers* of gravity of the rod and triangle from 
CD are the same, and the center of gravity of the rod is at a distance 
£ AB from B. 

Also, the mass of MN being proportional to the area PRN 9 

the mass of the rod is proportional to the area of the triangle ACD, 
or \AB.CD; ,\ the mass of the rod : mass of a rod of uniform 
density equal to that at B, and of length AB, 

:: \AB.CD : AB.CD 

:: 1 : 2. 



7. Center of gravity of a circular arc. 

Let O be the center of a uniform circular arc ABC, OB the bisecting 
radius, aBc a tangent at B, OD parallel to ac, and Aa 9 Cc parallel to 
OB. 
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Let QR be the side of a regular 
polygon described about the arc, P 
the point of contact QJt, Rr per- 
pendicular to acj PM to OB, and 
since OP, OB are perpendicular to 
QR,qr, 

qr : QR :: OM : OP 
:: OM : OB; 

/. since OM, OB are the dis- 
tances of the centers of gravity of 
QR and qr from OD, and OR. OM 
«9 r . 0J?> the moments of QJ? and gr 
with respect to OD are in a ratio of 
equality, and the same is true of every side of the circumscribing polygon; 

.*. by Cor., Lemma IV, the moment of the arc, which is ultimately 
that of the polygon, is equal to the moment ofac-ac. OB - chord A C . 
radius OB; 

.\ the distance of the center of gravity of the arc from 
radius x chord 
arc 




1 



III. 

1. Find the volume of a hemisphere, by comparing the 
volumes generated by the quadrantal sector, and the portion of 
the circumscribing square which is the difference between the 
square and the quadrantal sector, 

2. Shew that the area of the sector of an ellipse contained 
between the curve and two central distances, varies as the angle 
of the corresponding sector of the auxiliary circle. 

3. Find the volume of a paraboloid by comparison with the 
area of a triangle whose vertex and base are those of the gene- 
rating parabola. 
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4. Find the center of gravity of the paraboloid by reference 
to the same triangle, 

5. Find the mass of a straight rod, whose density varies as 
the square of the distance from the extremity, by comparison 
with a cone whose axis is the rod. 

6. Find the volume of a paraboloid generated by the revo- 
lution of a cubical parabola, in which PM* « AM 3 by means of 
a cone on the same axis. 

7. Shew that the orthogonal projection of any plane area 
on another plane is the given area x the cosine of the inclina- 
tion of the two planes. 




Prove that gqsr being the projection of the inscribed parallelogran* 
PQJSB 

pqsr : PQSB :: cos B AC : 1, 
and deduce the proposition by Lemma IV. 
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All the homologous sides of similar figures are proportional, 
whether curvilinear or rectilinear, and their areas are in 
the duplicate ratio of the homologous sides. 

[Similar curvilinear figures are figures whose curved boun- 
daries are curvilinear limits of corresponding portions 
of similar polygons. 
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Let 8 A BCD , sabcd be two similar polygons of 

which SA, AB 9 BC, . ... are homologous to sa, ab, be,.... 
respectively. 

Then (Euclid vl, Def. l) 




AB : SA :: ab : sa; 
••• alternando, AB : ab :: &4 : *a. 
Similarly, 2?C : be :: AB : aft :: SA : *a, 

CD : cd :: J?C : 6c :: SA : *a, 



/. componendo, 

AB + 2?C + CD + ... : aft + be + erf + ... :: SA : «a. 

Now this, being true for all similar polygons, will be true 
. in the limit, when the number of the sides A B 9 BC, ... 
and ab, be, ... are increased, and their lengths di- 
minished indefinitely; if, therefore, AE, ae be curves 
which pass through the angular points A, B, ... and 
a, b, ... of the polygons, these curves are the curvilinear 
limits of AB + BC + ... and ab + be + ... and are the 
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boundaries of similar curvilinear figures : and therefore 
the curved line AE : the curved line ae 
:: SA : sa :: SE : se. 
Again, (Euclid vi. 20), 

polygon SABC ... : polygon sabc ... :: SA* : sa*, 

and this being true always, is true in the limit ; 

.\ (Lemma III, Cor. 2), 

curvilinear area SAE : curvilinear area sac 

:: SA* : sa* 

:: AE* : a# 

:: SE* : s#. 

0. E. D.j 



24. In order to deduce the properties of similar curves, 
it is premised as before mentioned under Cor. 4, Lemma III, 
that, if a finite portion of a curve be taken, and, if a polygon be 
inscribed in the curve, the sides of which are chords taken in 
order, of portions of the curve ; and the number of sides of the 
polygon be increased indefinitely, and the magnitudes at the 
same time diminished indefinitely, the curve is the limit of the 
perimeter of the polygon. See Whewell's Doctrine of Limits. 

It is not assumed that each chord is equal to the corres- 
ponding arc ultimately: this is afterwards proved for a con- 
tinuous curve in Lemma VII. 

Criteria of Similarity. 

25. From the definition of similar curve lines, that they 
are curvilinear limits of homologous portions of similar polygons, 
or from the test, that 

(l) " One curve line is similar to another when if any 
polygon be inscribed in one, a similar polygon can be inscribed 



44 NEWTON, 

in the other/ 9 other tests of similarity can be deduced, which 
are more convenient in practice : viz. 

(2) " If two curves be similar, and any point S be taken 
in the plane of one curve, another point 8 can be found in the 
plane of the other, such that, any radii SP, SQ being drawn in 
the first, radii *p, sq can be drawn in the second, having the 
properties that 

Z psq = z PSQ, 

and sp : sq :: SP : SQ." 

(8) "If two curves be similar, and in the plane of one 
curve any two lines OX, QY be drawn, two other lines ox 9 oy 
can be drawn in the plane of the other curve, inclined at the 
same angle, having the property that the abscissa and ordinate 
OM, MP of any point P in the first being taken, the abscissa 
and ordinate om, mp of a corresponding point p in the second 
will be proportional to the former, viz., 

om : mp :: OM : MP." 

And the converse propositions can also be deduced, that if 
these proportions hold, the curves will be similar. 

In order to illustrate the first test, (I). 

Let the arcs of two circles, AB, ab have the same center C, and the 
bounding radii be coincident in direction. ^ 

Let A DEB he any polygon inscribed 
in AB and let CD, CE cut ab in d, e; join 
ad, de, eb; these are parallel to AD, DE> 
EB, respectively, 

and ad i de i eb :: AD : DE : EB, 
.". adeb is similar to A DEB ; 

and the arcs ab, AB are similar. 
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Deduction of criteria of Similarity. 

26. Test (2) If ABCD ..., abed..., be corresponding 
portions of similar polygons, A B, BC, ... ab, be, ... being ho- 
mologous sides, and AS, BS, ... be drawn to any point S, 
construct the triangle sab equiangular with SAB and join sb, 
sc, ..• (See fig. p. 42) 

Then sb : SB :: ab : ^4fi 

:: be : £tf, 

and z SBC = Lsbe\ 

.*. &BC, *fc are similar triangles, 
and sc : SC :: s& : SB, 
:: *a : SA ; 
and similarly for sd, se, &c. 

Hence if two polygons are similar and any point be taken 
in one, another point can be found in the other, such that the 
radii drawn to corresponding angular points are proportional and 
contain the same angles. 

If we now increase the number of sides indefinitely and 
diminish their magnitude, the same property holds with respect 
to the curvilinear limit of the polygon. 

27. The converse proposition may be thus proved. 

If the angles ASB, BSC y ... be equal to the angles asb, 
bsc, ... 

and SA : SB : SC ... :: sa : sb : se .... 



48 



NEWTON. 



angle, and CSP being common to the triangles CPS 9 cpS, they 
are similar, (Euclid vi. 7.) 

.\ SP : Sp :: SC : Sc; 
.*. S is the center of direct similitude. 

Similarly, the intersection of two common tangents which 
cross between the circles is a center of inverse similitude. 

3. To find the condition of similarity of two conic sections, 
considering each as the locus of a point whose distances from a 
fixed point and a fixed straight line are in a constant ratio. 

Let the conic sections be placed so that their directions are parallel 
and foci coincident, SpP, any 
line through the focus meeting 
them in pP, SaAD perpendi- 
cular to the directrix DQ of 
AP, PQ perpendicular to DQ, 
join SQ and let pq, parallel 
to PQ, meet it in q, draw qd 
perpendicular to SD. 

Then SD 



Sd 



if the curves be similar ; 

and Sp 

.-. Sd 




SP is a constant ratio, 
SD is a constant ratio, 
and dq is a fixed straight line for all positions of p, 
and since pg : Sp :: PQ : SP; 
.*. pq i Sp is a constant ratio ; 
.*. qd is the directrix of ap 9 and the constant ratio being the same 
in both, the eccentricities are the same. 

4. All parabolas are similar. 

For, using the last figure, 

Sp : SP :: pq : PQ, 
and SP^PQ, .\ Sp=pq, 
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and dq is the directrix of ap, 




and Sp : SP 


:: Sq : SQ, 




:: &* : SD, 




:: &* : SA ; 



.*. the parabolas ap, AP are similar. 

5. Cycloids are similar. 

Let two cycloids APC, Ape be placed so that their vertices are the 
same, and their axes coincident in direction, and describe circles on the 
axes AB, Ab. Draw AqQ cutting the circles in q, Q. 




Then, since the segments Aq, AQ are similar, 

arc Aq : arc AQ :: Aq : AQ. 

And if mqp, MQP be ordinates to the cycloids, 

arcs Aq, AQ=*qp f QP respectively; 

.-. qp : QP :: Aq : AQ, 

and ApP is a straight line. 

Also Ap : AP :: Aq : -4Q, 

:: i46 : AB, a constant ratio ; 

.*. a condition of similarity is satisfied. 

Obs. In this position of the cycloids the point A is a center of 
direct similitude. 



NEWT. 
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Application of tfts properties of similar curves to construct curves 
which satisfy given conditions. 

6. To construct a cycloid which shall have its vertex at 
a given point, its base parallel to a given straight line, and which 
shall pass through a given point. 

Let A be the given vertex, AB perpendicular to the given line, 
P the given point. 

In AB take any point b, and with the generating circle, whose 
diameter is Ab, describe a cycloid Ape, join AP intersecting this 
cycloid in p. 

Take AB a fourth proportional to Ap, AP, and Ab, AB is the 
diameter of the generating circle of the required cycloid. 

For, Ap : AP :: Ab : AB, 

."., since all cycloids are similar, P is a point in the cycloid whose 
axis is AB. 

7. Instruments for copying plans on an enlarged or re- 
duced scale are founded upon the proportion of similar figures, 
as the Pantagraph and the Eidograph : as also the method by 
dividing the plans into squares. 

The Pantagraph is an instrument for drawing a figure similar to a 
given figure on a smaller or larger scale, one 
of its forms is as in the figure ; 

AB, EF, GC and AE, DG, FC 
are two sets of parallel bars, joined at all 
the angles ; at B is a point, which serves to 
fix the instrument to the drawing board, at 
A is a point, which is made to pass round 
the figure to be reduced or enlarged ; at C is 
a hole for a pencil pressed down by a weight 
and which traces the similar figure, altered in dimensions in the ratio of 




I 



BC : AB, or BF : AB. i 
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The similarity of the figure traced by the pencil is a consequence of con- 
tinual similarity of the triangles ABD, BFC. 

By changing the positions of the pegs at F and G the figure de- 
scribed by C may be made of the required dimensions. 

8. Volume of a cone whose base is a plane closed figure 
of any form. 

Let Vbe the vertex, AB the base, VH perpendicular to the base 
from V\ let VH be divided into n j§_ 

equal portions of which M N is the 
r+T] th ; and let PQ be the section 
through M parallel to AB. 

Let A be the area of AB. 

Then if VPA be any generating 
line, 

PM : AH :: VM : VH; 

.*. PQ is similar to AB, and Af, H are centers of similitude, 
and area PQ : area AB :: r* : n 9 , 
M N : VH :: 1 : n; 
.\ area PQ. MN : A.VH :: r" : »"; 
.\ volume of cylinder whose base is PQ and height MN 

= - z xA.VH; 




V+&+ + n~rrf 

n 8 
> J of the cylinder whose base is AB and height VH. 



volume of cone = A . VH x limit of - 



IV. 



1. 



Apply a criterion of similarity to shew that segments 
of a circle which contain the same angle are similar. 

2. From the definition of an ellipse, as the locus of a point 
the sum of whose distances from two fixed points is constant, 

e 2 
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shew that ellipses are similar when the eccentricities are the 
same. 

3. Prove that the center of an ellipse is a center of inverse 
similitude to two opposite equal portions of the circumference of 
the ellipse. 

4. Employ the properties of similar figures to inscribe a 
square in a given semicircle. 

5. Shew that all the spirals of Archimedes, in whiclf the 
radius vector varies as the angle, are similar. 

6. Find the condition of similarity of equiangular spirals. 

7. If A be the vertex of a conical surface, G the center of 
gravity of the base, H that of the volume of the conical figure, 

AH = %AG. 

8. Find the center of gravity of a right cone on a circular 
base. 

9. Deduce the position of the center of gravity of a cir- 
cular sector from that of a circular arc ; shew that the distance 

- . , . o radius x chord 

from the center is f- . . 

3 arc 

10. Shew that arcs of catenaries are similar, whose horizon- 
tal abscissas from the lowest points are proportional to the ten- 
sions at the extremities. 

11. All Lemniscates are similar. 
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If any arc ACB given in position be subtended by a chord 
AB, and if at any point A, in the middle of continued cur- 
vature, it be touched by the straight line AD produced in 
both directions, then, if the points A, B, approach one another 
and ultimately coincide; the angle BAD contained by the 
clwrd and tangent, will diminish indefinitely and ultimately 
vanish. 

For, if that angle does not vanish, the arc ACB will contain 
with the tangent AD an angle 
equal to a rectilineal angle, 
and therefore, the curvature 
at the point A will not be con- 
tinuous, which is contrary to 
the hypothesis that A was in 
the middle of continuous curvature. 




Definitions of a tangent to a curve. 

29. (1) If a straight line meet a curve in two points 
A y B, and if B move up to A, and ultimately coincide with A, 
AB in its limiting position is a tangent to the curve at the 
point A. 

If two portions of a curve, EA, and AB, cut one another at a finite 
angle in A, there are two tangents, AD, AD, which are the limiting 
positions of straight lines AB and AE when B and E move up to A 
along the different portions AE and AB of the curve respectively. 
And similarly if there he a multiple point in A in which several branches 
of the curve cut one another at finite angles. 

(2) The tangent is the direction of the chord of the 
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polygon, of which the curve is the curvilinear limit, when the 
number of sides are increased indefinitely. 

This is founded on the same idea of a tangent as definition (1). 

(3) The tangent to a curve at any point is the direction of 
the curve at that point. 

In order to apply geometrical reasoning to the tangent by employing 
this definition, we are obliged to explain the notion of the direction of 
a curve, by taking two points very near to one another, and asserting 
that the direction of the curve is the limiting position of the line join- 
ing these points when the distance becomes indefinitely small, which 
reduces this definition to the preceding. 

Observations on the Lemma. 

30. " Curvatura Continua," if we consider curves as the cur- 
vilinear limits of polygons, requires the curves to be limits of 
polygons whose angles continually increase as the number of the 
sides increase, and may be made to differ from two right angles 
by less than any assignable angle before the assumption of the 
ultimate form of the hypothesis. 

If, however, as we increase the number of sides and diminish 
their magnitude, one of the angles remains less than two right 
angles by any finite difference, the curvature of the curvilinear 
limit is discontinuous, and the form is that of a pointed arch ; in 
which the two portions cut one another at a finite angle. 

A curve may be of continued curvature for one portion be- 
tween two points, while for another its curvature changes " per 
saltum." 

Thus, if ABC be a curve forming 
at B a pointed arch, it may be of con- 
tinued curvature from B to A and from 
C to B, though not from C to A. 

In this case the tangents in passing 
from C to A assume all positions interme- 
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diate to CT, Bt, and Bt', TA, but at B they pass from Bt to 
Bt' without assuming the intermediate positions. 

31. "In medio curvature continue," implies that the 
point A in the enunciation of the Lemma is not such a point as 
B in the last figure, but in passing from a point on one side 
of A to another on the other side, the tangents pass through all 
the intermediate positions. 

The curvature is supposed to be in the same direction in the 
figure of the Lemma, which in all curves of continued curvature 
is possible, if B be taken sufficiently near to A at the commence- 
ment of the change in the construction. 

If the point A be not " in medio curvatur® continu©," two 
tangents AD, AD' may be drawn at A to the two parts of the 
curve, and the curve BOA makes a finite angle with one of the 
tangents AJ?. 

But, even in this case, the angle between the chord and 
that tangent which belongs to the portion of the curve con- 
sidered, continually diminishes and ultimately vanishes. 

Definition of the subtangent. 

32. The part of the line of absciss® intercepted between 
the tangent at any point and the foot of the ordinate of that 
point is called the subtangent. 



Methods of finding tangents to curves. 

33. Let OM, MP be the abscissa and ordinate of a point 
P in a curve, and let Q be a point near P, ON, NQ its abscissa 
and ordinate. 
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Let QPU meet OY the line of abscissae in U; then, if PR 
parallel to OM meet QN in R ; 

PM : M U :: QR : PR 

:: QN-PM : ON - OM. 

Now as Q approaches to P, the limiting position of QPf7 is 
that of the tangent at P, (Lemma VI.) viz. tPT, 

and PJf : M T is the limiting ratio of 

QN-PM : ON- OM. 

This ratio determines the position of the tangent at P, and, 
if the ordinates be perpendicular to the abscissae, is the trigono- 
metrical tangent of the angle made by the tangent with the line 
of abscissae. 

MT is the subtangent. 

Illustrations. 

1. In the common parabola, in which 

PM 9 : QN 2 :: OM : ON; 
... Qjsp _ PM 2 . pM 8 .. 0N _ 0M . 0Af> 

and QN-PM : PJf :: ON - OM : HT, 
QN+PM : PJtf :: 2 : 1, ultimately, 
.-. QN*-PM* i PM 2 :: 2(ON-OM) : i^fT, 
.-. MT-2 0M. 
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2. Surface of a segment of a sphere. 

Let AKH be the portion of a circle which generates by revolution 
ronnd AH the spherical segment, the 
center of the circle, PQ the chord of a 
small arc, PM, QN perpendicular to 
AH. 

Let AOCD be the rectangle cir- 
cumscribing the quadrant, and gene- 
rating the circumscribing cylinder. 

Produce MP, NQ, HK to CD in 
p, q, k. Since PQ is in its limiting 
position a tangent at P, PQ is ulti- 
mately perpendicular to the radius OP 
and pq to MP ; 

.\ PQ : pq :: OP : PAf, ultimately, 
and the surface generated by PQ is ultimately 2wPM.PQ (Art. 17), 
-2t. OP . pq ■= surface generated by pq. 

The same is true for each side of the inscribed polygon, when the 
number is indefinitely increased. 

.\ the surface generated by AK or the surface of the spherical seg- 
ment is equal to the surface of the circumscribed cylinder cut off by the 
plane of the base of the segment. 

Cor. 1. Hence also, the surface of any belt of a sphere cut off by 
two parallel planes is equal to the corresponding belt of the cylindrical 
surface. 

Cor. 2. The moment of the belt generated by PQ with respect to 
the plane of contact of the sphere and cylinder, generated by OD, is 
evidently ultimately equal to that of the belt generated by pq ; 

.*. the moment of any belt generated by E7K is equal to that of the 
corresponding belt by k'k ; 

.'. the centers of gravity of the two belts are coincident, viz. in the 
bisection of HH\ or, the distance of the center of gravity of a spherical 
belt, contained between parallel planes is half-way between the two 
planes. 
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Cor. 3. A spherical sector is generated by the revolution of a 
sector A OP. 

The volume of the spherical sector is equal to the limit of the sum of 
a series of pyramids whose vertices are in 0, and the sum of whose bases 
is ultimately the area of the surface of the segment, 

and the volume of each pyramid is £ base x altitude ; 

.*. volume of the spherical sector is, by Art. 18, 

£ area of the surface of the spherical segment x radius 

=*±.2w.AD.Dp.AO 

= ?£.AM.AO> 

= — - — vers FOA. 
3 

Cor. 4. If we suppose each of the pyramids on equal bases, they 
may be supposed collected in their centers of gravity, whose distances 
are J AO from ultimately, and they form a mass which may be dis- 
tributed uniformly over the surface of a spherical segment whose radius 
is f -40, viz. that generated by ar 9 whose center of gravity is in the 
bisection of am ; 

.*. the distance of the center of gravity of the spherical sector from O 
= i(0fl + 0m) 
= £ Oa (1+ cos rOa) 
= %0A. cot? ±POA. 
If the angle POA become a right angle, the distance of the corre- 
sponding sector which becomes the hemisphere is f OA. 

3. If SY be the perpendicular on the tangent PY at P in 

a curve, Y will trace out a curve, and if YZ be a tangent to the 

locus of Y, SZ perpendicular to it, 

SY* - SP. SZ. 

Let P f be a point near P, 

S Y' perpendicular on P'P, 
SZ perpendicular on Y' Y. 
Since angles SYP, SYP are right angles, 
a semicircle on SP passes through F, Y'; 
.*. the angles SY'Y, SPY, in the same seg- 
ment, are equal, 
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and the right angles SZY', SYP are equal ; 

."• the triangles SPY, SY*Z are similar, 

and SZ : SY' :: SY : SP, 

but, ultimately, as P' moves up to P, PPY' becomes the tangent at P, 

and Y'YZ that at Fto its locus, 

and SY' = SY; 

.-. sz.sp=sy: 

Q.B.D. 

V. 

1. In the curve in which the abscissa varies as the cube of 
the ordinate, shew that the subtangent is three times the 
abscissa. 

2. In the logarithmic curve in which the abscissa varies as 
the logarithm of the ordinate shew that the subtangent is 
constant. 

3. If PY a tangent to an ellipse at P meet the auxiliary 
circle at Y, and ST be perpendicular to the tangent at Y, ST 
varies inversely as HP. 

4. AB is the diameter of a semicircle AQB, in which AM 
is taken equal to BN, QN is an ordinate, AQ meets the ordinate 
corresponding to AM in P, the locus of P is the cissoid, shew 
that the subtangent at P : AM :: 2 AN : 2 AN + AB. 

5. In the Lemniscate if SYbe perpendicular to the tan- 
gent at Q, SA being the greatest value of SQ shew that 

SQ? = SY.SA*. 

Apply illustration 3, and the properties proved in the Appendix. 

6. In the catenary, if the line of abscissas be at a vertical 
distance from the lowest point equal to the length of the string 
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whose weight is the tension at the lowest point A, shew that the 
subtangent at any point P : horizontal distance of P from A 

:: the tension at P : the tension at A. 
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If any arc, given in position, be subtended by the chord AB, 
and at the point A, in the middle of continued curvature, 
a tangent AD be drawn, and the subtense BD, then, when 
B approaches to A and ultimately coincides with it, the 
ultimate ratio of the arc, the chord, and the tangent to one 
another is a ratio of equality. 

For whilst the point B approaches to the point A, let AB, 
AD be supposed always to be produced to points 6 and d 
at a finite distance, and bd be drawn parallel to the sub- 
tense jBjD, and let the arc Acb be always similar to the 
arc ACB, and having, therefore, ADd for its tangent 
at A 




But, when the points B, A coincide, the angle bAd by the 
preceding Lemma, will vanish, and therefore, the straight 
lines Ab, Ad which are always finite and the arc Acb 
which lies between them [and is of continuous curvature,] 
will coincide ultimately, and therefore will be equal. 

Hence also, the straight lines AB, AD and the intermediate 
arc ACB which are always proportional to them, will 
vanish, and have an ultimate ratio of equality to one 
another. 
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Cor. l. Hence, if through B, BF be drawn parallel to the 
tangent, always cutting any straight line AF passing 
through A in F, this BF will have ultimately to the 
vanishing arc ACB a ratio of equality, since, if the paral- 
lelogram AFBD be completed, it has always a ratio of 
equality to AD. 

Cob. 2. And if, through B and A be drawn many straight 
lines BE, BD, AF, AG cutting 
the tangent AD and BF, parallel 
to it; the ultimate ratio of all 
the abscissa* AD, AE 9 BF, BG 
and of the chord and arc AB to 
one another will be a ratio of equality. 

Cor. 3. And, therefore, all these lines in every argument 
concerning ultimate ratios may be used indifferently one 
for the other. 

34. The subtense of the angle of contact of an arc is 
a straight line drawn from one extremity of the arc to meet, at 
a finite angle, the tangent to the arc at the other extremity. 

This subtense is the secant defining the limited line called, 
in the Lemma, " the tangent." 

The chord is called by Newton " the subtense of the arc," 
see Lemma XL 

Observations on the Lemma. 

35. In the construction for this Lemma, BD must be a 
subtense, i. e. inclined throughout the change of position at a 
finite angle to the tangent or chord, for, otherwise, the angles 
BAD and ABD being both small, the ultimate ratio of the 
chord to the tangent might be any finite ratio instead of being 
one of equality. 

This is the only limitation of the motion of BD ; the follow- 
ing figure represents changes which may take place in the ap- 
proach towards the ultimate state of the hypothesis ; 




b 9 d are the distant points, t. e. at a finite distance from A ; 
BD, ffff, B'D" positions of the subtense, when B approaches 
towards A, db, db f , db", parallel to these. 

Ac b\ Ac"b", the changed forms of Acb so as to be always 
similar to the portion of ACB cat off by the chord. 

36. It should be remarked that the curve Acb is not in- 
termediate in magnitude to the two lines Ab, Ad but only in 
position, for example, Ab may be equal to Ad, if BD make 
equal angles with the two lines, and the curve line is greater 
than either Ab or Ad ; but it becomes in all cases less bent, 
until it is ultimately rectilinear, and the three Acb, Ab, Ad 
ultimately equal ; the only alternative being that the curve be- 
comes doubled up as in the 
figure, which is precluded by 
the supposition that the cur- 
vature is continued, in the 
same direction, near A> throughout the passage from B to A. 




37. The subtense ultimately vanishes compared with the 



arc. 



For BD : ACB :: bd : Acb, 
and since bd vanishes, and Acb remains finite, in the limit, the 
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ratio BD : ACB vanishes ultimately. In curves of finite cur- 
vature it will be afterwards seen that BD « ACB*. 

38. If two curves of continued curvature which do not 
intersect have a common chord, the length of the exterior cur ye 
is greater than that of the interior. 

Let AcdeB, ACDEFB any two polygons, having a common 
side AB 9 be such, that the first 
lies entirely within the second, 
and that neither has internal 
angles, the perimeter of the first 
is less than that of the second. 

For, produce Ac 9 cd> de to 
meet the perimeter of the exterior 
in </, d\ e. 

Then AC +C&>A&; ^ 

.\ ACDEFB >AdDEFB. 
Similarly Ac'DEFB > Acd'EFB, 

and so on ; 
.-., a fortiori, ACDEFB > AcdeB. 

And, since the same is true in the limit when the number of sides 
is increased indefinitely, therefore the curvilinear limits of the polygons 
have the same property, and the proposition is proved. 

The polar subtangent and the inclination of the tangent to the radius 
vector 9 at any point of a spiral. 

39. Let S be the pole, PT the tangent at a point P in 
the curve, ST perpendicular to SP meeting PIT in T is the 
polar subtangent, for the point P. 

Let Q be a point near P, QM perpendicular to PS, pro- 
duced if necessary, QR the circular arc, center S, meeting SP 
in B. 
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Let QP meet ST in U, then 

SU : SP :: QM : PM, 

and MR : QM :: QM : SM + SR, 
and when Q approaches indefinitely $, 
near to P, QM vanishes compared with 
SM+S72; 

.\ Mi? vanishes compared with QM 
or PM; 



.-. SU : SP :: QM : PR ultimately ; 

.-. ST : SP is the limiting ratio of QR:PR; or QR : SQ - SP. 

Hence ST, and also the trigonometrical tangent of the angle 
SPT between the tangent and the radius vector are known. 

Inclination of the tangent to the radius vector in the Cardioid. 





If Bqp be a circle whose center is S and diameter BC, pm an ordi- 
nate at p, produce Sp to P, making SP = Bm 9 P traces out the cardi- 
oid APS, making the same construction as before, 

ST : SP :: QR : SQ ~ SP ultimately ; 
and if SQ meet the circle in q, draw the ordinate qn 3 
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then, SP-SQ = mn; 
and OR : pq :: SQ : Sq 

:: £P : Sp ultimately ; /£>/ 
also pq : mn :: Sp : jw» ultimately;/ 
.-. QE : SP-SQ :: aSP : jm ultimately J^a / 
.\ ST : aS'P :: Bm : pm; \£ 

.-. z 5P2 T = i mpB = complement of £ / P&4 ; 
whence the cardioid cuts SA at right angles at A, touches SB at S, 
and cuts the circle at an angle equal to half a right angle. 

1. RQq is a common subtense to two curves PQ, Pq 
which have a common tangent PR at P. When RQq approaches 
to P, RQ and Rq ultimately vanish, is the ratio RQ : Rq ulti- 
mately a ratio of equality ? 

2. Prove that the circular measure of an angle lies be- 
tween the trigonometrical sine and tangent of the angle. 

3. In the hyperbolic spiral, in which the radius vector 
varies inversely as the spiral angle, prove that the subtangent is 
constant 

4. In the spiral of Archimedes, in which the radius vector 
varies directly as the angle, shew that the subtangent is equal 
to the arc of the circle, whose radius is the radius vector which 
is subtended by the spiral angle. 

5. Shew that the extremity of the polar subtangent from 
the focus of a conic section is always in a fixed straight line. 

6. In any curve, if Q be the intersection of perpendiculars 
to two consecutive radii vectors, through their extremities, and 
SY be the perpendicular from the pole S on the tangent at P f 
prove that ultimately SP 9 - SY. SQ. 

NKWT» F 
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LEMMA VIII. 

If two straight lines AR, BR, make with the arc ACB, the 
chord AB, and the tangent AD, the three triangles RACB, 
RAB, and RAD, and the points A, B approach one an- 
other ; then the ultimate form of the vanishing triangles is 
one of similitude, and the ultimate ratio one of equality. 

For, whilst the point B is approaching the point A, letAB, 

AD* AR be always pro- 
duced to points 6, d, r at 

a finite distance, and rbd be 

always drawn parallel to 

RD, and let the arc Acb be 

always similar to the arc 

ACB, and therefore have 

Dd for the tangent at A. 

Then, when the points B, A 

coincide the angle bAd 

will vanish, and therefore 

the three triangles rAb, 

rAcb, rAd, will coincide, and are therefore in that case 

similar and equal. Hence also, RAB, RACB, RAD, 

which are always similar and proportional to these, 

will be ultimately similar and equal to one another. 
Con. And hence, in every argument concerning ultimate 

ratios, these triangles can be used indifferently for one 

another. 




Observations on the Lemma. 

40. If RB throughout the change in the hypothesis make 
a finite angle with RA, the three triangles rab, racb, rad re- 
mam always finite and are ultimately identical and equal. But, 
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if the angle ARB is ultimately not finite, for example, if RB 
revolve round a fixed point B, the rab t ... triangle become in- 
finite, since r moves to r and so on to an infinite distance, and 




there is as great an objection to dealing with these infinite 
triangles, as to reasoning immediately upon the relation of the 
triangles RAB, RAD in the former case. 

In this case we can at once deduce the equality of the tri- 
angles without producing AD to a point d at a finite distance. 
For, the ratio of the difference of RAD and RAB to RAB is 
BD : RD, which vanishes ultimately, since RD is finite in 
this case; •'. RAB and RAD and the curvilinear triangle, 
which is intermediate in magnitude, are ultimately in a ratio of 
equality. 

LEMMA IX. 

If a straight line AE and curve ABC, given in position, cut 
one another in a finite angle A, and ordinates BD, CE be 

f2 
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drawn, inclined at another finite angle to that straight line, 
and meeting the curve in B, C ; then, if the points B, G 
move up together to the point A, the areas of the curvilinear 
triangles ABD, ACE, will be ultimately to one another in 
the duplicate ratio of the sides. 

For, as the points B, C are approaching the point A, let 
AD, AE, be always produced to the points d, e at a 
finite distance, such that 

Ad : Ae :: AD : AE, 

and let the ordinates db, 
ec be drawn parallel to DB, 
EC meeting the chords • 
AB, AC produced in 6, <?, 
[and Ab : AB :: Ad : AD 

t :: Ae : AE :: Ac 

.: Ab : Ac :: AB : 

hence a curve Abe can be supposed to be drawn always 
similar to ABC, while B and C move up to A. 

Let the straight line Ag be drawn touching both curves at 
A, and cutting the ordinates DB, EC, db, ec in F, G, 
f>9- 
[Now areas ABD, abd, by Lemma V, are always in the 
duplicate ratio of AD, ad, and areas ACE, ace in the 
duplicate ratio of AE, and Ae, 

and AD : Ad :: AE : Ae; 
.'. ABD : Abd :: ACE : Ace\\ 

If, then, the points B and C move up to A and ultimately 
coincide with it, the angle cAg will ultimately vanish, 
and the curvilinear areas Abd, Ace will coincide with the 
rectlinear triangles Afd, Age, and therefore will be ulti- 
mately in the duplicate ratio Ad, Ae. 
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But ABD, ACE are proportional to Abd, Ace, always, 
also AD, AE are proportional to Ad, Ae ; 
/. also areas ABD, ACE are ultimately in the duplicate 
ratio of AD, AE. 



Observations on the Lemma. 

41. By a finite angle is to be understood an angle less than 
two right angles, and neither indefinitely small nor indefinitely 
near to two right angles. 

The angles between AD and the curve and between AD and 
BD are different finite angles, because otherwise BD would 
not meet the curve. 

42. It is not necessary that d and e be fixed, but only that 
they remain at a finite distance from A, and thai the proportion 
be retained. 

The student, by reference to Arts. 35, 40, will be able to 
exhibit the change in the figure which will correspond to a 
change of the position of B and C in the progress towards the 
ultimate position. 

43. When the angle GAG vanishes, the curvilinear areas 
Abd, Ace coincide with the rectilinear triangles Afd, Age, and so 
are in the duplicate ratio of Ad : Ae. But if the angle DAF 
be not finite those triangles will not themselves be finite, and 
the object aimed at by producing to a finite distance will not be 
attained. 

The fact is, that the triangle Adb is made up of the triangle 
Adf and the curvilinear triangle Afb, of which the latter is in- 
definitely small ultimately, and the former finite ; therefore Afb 
vanishes compared mthAdf, but itAdfhe indefinitely small, the 
ratio &AFB : AAGC must be found by another process, and by 
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referring to Lemma XI, it will be found that the ratio is that of 
cubes of the arcs ultimately. 

If the angle DAF be greater than a right angle, the figure 
assumes a form in which AD lies below ABC, hence DB, EC,... 
must be produced to meet the tangent, and the argument pro- 
ceeds the same as before. 



LEMMA X. 

The spaces which a body describes [from rest] under the 
action of any finite force, whether that force be constant or 
else continually increase or continually diminish, are in the 
very beginning of the motion in the duplicate ratio of the 
times. 

[Let the times be represented by lines measured from A, 
along AK and the veloci- 
ties generated at the end 
of those times, by lines 
drawn perpendicular to 
AK. Suppose the time 
represented by AK to be 
divided into a number of 
equal intervals, represent- 
ed by AB, BC, CD,... 
^dBb 9 Cc,Dd.... ^re- 
present the velocities ge- 

JhS* h* 5* timeS AB > AC -~ AK respectively, and let 
the V^J? °T? Hne ' Which alwa ^ 8 P ass <* through 

«^^«Ti)^^ Resented by Cc, to that 
y "*, and therefore, the space described 




A. JB 
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in that time is intermediate between the spaces repre- 
sented by the parallelograms Dc and Cd; therefore the 
spaces described in the times AD, AK are represented 
by areas which are intermediate between the sums of the 
parallelograms inscribed in and circumscribed about the 
curvilinear areas ADd and AKk respectively. 

Therefore, by Lemma II, the number of intervals being in- 
creased, and their magnitudes diminished indefinitely, 
the spaces in the times AD, AK are proportional to the 
curvilinear areas ADd, AKk. 

Now, the force being finite, the ratio of the velocity to the 
time is finite, .'. Kk : AK is a finite ratio, however 
small the time be taken ; .\ if A T be the tangent to the 
curve line at A, meeting Kk in T, KT : AK is a finite 
ratio; .\ the angle TAK is finite, or AK meets the 
curve at a finite angle. 

Hence, by Lemma IX, if AD, AK be indefinitely di- 
minished, 

area ADd : area AKk :: AD 2 : AK 9 ; 

/. in the beginning of the motion, the spaces described 
are proportional to the squares of the times of describing 
them. q.e.d.] 

Cor. l. And hence it is easily deduced, that the errors of 
bodies, describing similar parts of similar figures in pro- 
portional times, which are generated by any equal forces 
acting similarly upon the bodies, and which are measured 
by the distances of the bodies from those points of the 
similar figures, to which the same bodies would have 
arrived in the same proportional times without the 
action of the disturbing forces, are approximately ad 
the squares of the times in which they are generated. 
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Cor. 2. But the errors which are generated by propor- 
tional forces, acting similarly at similar portions of 
similar figures, are approximately as the forces and the 
square of the times conjointly. 

Cor. 3. The same is to be understood of the spaces 
which bodies describe under the action of different 
forces. These are, in the beginning of the motion con- 
jointly, as the forces and the squares of the times. 

Cor. 4. Consequently, in the beginning of the motion the 
forces are as the spaces described directly, and the 
squares of the times inversely. 

Cor. 5. And the squares of the times are as the spaces 
described directly and the forces inversely. 



The proof given in the original Latin is as follows : 

Exponantur tempora per lineas AD, AE, et velocitates 
genitae per ordinatas DB, EC ; et spatia, his velocitatibus 
descripta, erunt ut areee ABD, ACE his ordinatis de- 
scriptse, hoc est, ipso motus initio (per Lemma IX.) in 
duplicata ratione temporum AD, AE. Q. b. d. 



44. This proof has been amplified, in order to exhibit in 
what manner the descriptions of areas by the flux of the ordi- 
nates, corresponds to that of spaces by the velocities represented 
by the ordinates ; also, to shew the propriety of the application 
of the ninth Lemma, by reference to the definition of finite 
force, which may be stated as follows : 

" A force is finite when the ratio of the velocity generated 
in any time to the time in which it is generated, is finite, how- 
ever small the time be taken." 
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Observations on the Lemma. 

45. In the proof of this Lemma, time is represented by the 
length of a straight line, and a distance traversed by a body is 
represented by an«area. 

If the length of a straight line be always proportional to the 
period of time elapsed, the straight line is a proper representa- 
tion of the time. Thus n inches has the same ratio to one inch 
that n seconds has to one second ; and on this scale the length n 
inches is a proper representation of n seconds. 

If an area is always in the same ratio to the unit of area 
that the length of a straight line is to the unit of length, the area 
is a proper representation of the length of the straight line. 

Thus, if Ab be one foot, AB, n feet, Ac an inch, and AC, t 
inches : complete the parallelo- c ^ 

grams ABDC, abdc, and Be, 
ABOD contains nt such areas as 
abdc. 

If now a particle move with a 
uniform velocity of n feet a second, 
AC represents t seconds on the scale of one inch to a second ; 
the parallelogram Be represents the space travelled over in the 
first second, since it contains n times the parallelogram Abdc, 
and ABDC represents the space travelled over in t seconds. 

There will be no difficulty in the representation of a period 
of time by a line, or of a distance by an area, if the student 
bears in mind that periods of time and lengths of lines, although 
existing absolutely, are only estimated by their ratios to certain 
standard periods, and standard lengths, and they are therefore 
determined whenever these ratios are given, which may be given 
either directly in numbers or by the comparison of any magni- 
tudes whatever of the same kind. 

46. Cor. 1, 2. If bodies describe orbits under the action 
of certain forces, and small forces extraneous to those tinder the 
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action of which the orbits are described, be supposed to act upon 
the bodies, the orbits are disturbed slightly, and the errors 
spoken of are the linear disturbances of the bodies, at any time, 
from the positions which they would have occupied at that time, 
if the extraneous forces had not acted. 

Thus, in calculating the motion of the Moon considered as 
moving under the attraction of the Sun and Earth, it is conve- 
nient to estimate the motion which she would have subject to the 
attraction of the Earth alone, and then to calculate what will be 
the disturbing effect of the Sun upon this orbit. 

47. If AB be a portion of an orbit described by a body in 
any time, AC the portion of the orbit described when a disturb- 
ing force is introduced, BC is " quam proxime " the space which 
would have been described in the same time from rest by the 
action of the disturbing force alone. When the time is taken 
small but not indefinitely small, the expression, in the statement 
of the corollaries, "approximately," is necessary for two rea- 
sons ; for, in the first place, the position of the body in space is 
not the same at the end of any interval in the lapse of the time 
as if the body had moved from rest under the action of the dis- 
turbing force alone, and therefore the magnitude of the force is 
not the same generally either in direction or magnitude ; and, in 
the second place, since the force is not generally uniform, the 
variation according to the duplicate ratio of the times is not 
exact, except in the limit. 

But when the times are taken very small the variation of 
direction and magnitude of the force may be neglected as an 
approximation to the true state of the case. 

48. Application of the method of Lemma X to determine 
the space described in a finite time from rest by a particle under 
the action of a constant force. 

In this case, since the acceleration is constant, the velocity 
varies as the time. 
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Hence, the curve Ak is a straight line, because the ordinates 
vary as the abscissae. 

Therefore, the space which is described in the time repre- 
sented by AK is represented by the area of the triangle AKk, 
and the space which would be described uniformly in the same 
time with velocity acquired at the end of that time is represented 
by the rectangle whose diagonal is Ak, or twice the area of the 
triangle AKk ; 

. . Vt ft* 

.\ space in time t = — — —, 

where 7 =• velocity at the time t, 
and /= acceleration in an unit of time. 

49. General geometrical representation of the space de- 
scribed by a body in a finite time when it moves with a variable 
velocity. 

Prop. If a curve be found, such that the ordinate at each 
point represents the velocity corresponding to a time represented 
by the abscissa, then the space described by the body will be repre- 
sented by the area bounded by the curve, the line of abscissas, 
and the ordinates corresponding to the commencement and end 
of the time of motion. 

Let OA, OB represent the times at the commencement and 
end of the interval during which the motion of the body is to be 

2> 
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examined. Let OM be any other time, and let AC, MP, BD 
represent the velocity at the end of the times represented by 
OA, OM, OB ; CPD the curve which passes through the ex- 
tremities of all such ordinates as MP. 

Let AB be divided into any number of small portions, such 
as MN; NQ the ordinate corresponding to ON. Complete the 
parallelograms PMNq, QNMp, and suppose corresponding 
parallelograms to be constructed on all the bases corresponding 
to MN. 

The body during the time represented by MN moves with 
a velocity, which if MN is taken small enough is intermediate 
in magnitude to the velocities represented by PM and QN, and 
the space described during that time is intermediate in magni- 
tude to the spaces which would have been described with uniform 
velocity equal to those represented by PM and QN, or to the 
spaces represented by the areas PN 9 QM. 

Hence the whole space described in the interval of time 
represented by AB is greater than that represented by the 
inscribed series, and less than that by the circumscribed series 
of parallelograms, which, by the Lemma II, are ultimately equal 
to the area ACDB, when the number of portions into which 
AB is divided is indefinitely increased, and their magnitudes 
diminished ; therefore the proposition is proved. 

50. Cor. 1. The velocity is the limit of the ratio of the 
space to the time when the time is indefinitely diminished. 

The velocity V at the time OM is represented by MP, 
therefore, if T be the time represented by MN, VT : space 
described in time T :: MP . MN : area PM. NQ, but MP. MN 
= area PMNq « area PMNQ, ultimately; therefore VT= space 
described in time T, ultimately. Whence the truth of the pro- 
position. 

51. Cor. 2. The velocity is measured by the space which 
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would be described in an unit of time if the velocity remained 
uniform during this time. 

Let MR represent the unit of time. Complete the paral- 
lelogram PMRr. Then PMRr represents the space described 
in an unit of time, with the Telocity at time OM continued uni- 
form, and since MR is constant, therefore PMRr varies as PM; 
therefore the velocity is properly represented by PMRr, and the 
proposition is proved. 

52. Geometrical representation of the velocity generated 
by a finite and variable force in a given time. 

Prop. If a curve be found such that the ordinate at each point 
represents the accelerating effect of the force corresponding to 
a time represented by the abscissa, then the velocity gene- 
rated in a body in a given time, moving in the direction of 
the force, will be represented by the area bounded by the 
curve, the line of abscissae, and the ordinates corresponding to 
the commencement and end of the time considered. 

The proof proceeds in a manner similar to that given in (49). 
The student can supply it, employing the same figure, in which 
the ordinates now represent the accelerating effect of the force 
at the times represented by the corresponding abscissae, and ob- 
serving that the motion of the body is accelerated during the 
time represented by MN by a force whose accelerating effect is 
intermediate in magnitude to those represented by PM and QN f 
if MN is taken small enough, and the velocity generated is in- 
termediate to those which would have been generated by uniform 
forces equal to those whose accelerating effects are represented 
by PM, QN, or to the velocities represented by the areas 
PN, QM. 

53. And as before, the force at any time is measured by 
the limit of the ratio of the velocity generated to the time in 
which it is generated. 
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54. Also, the force at any time is measured by the Telocity 
which would be generated in an unit of time, if the force con* 
tinued uniform during that time, and equal to the force at the 
given time. 

55. Geometrical representation of the velocity generated by 
a force, which acts upon a body moving in the direction of the 

forces action, when the force is described as depending in any 
manner upon the distance from any fixed point in that direction. 

In the last figure, let OAB be the line of motion of the 
body, O a fixed point in this line, and when it arrives at a point 
M, let MP be taken to represent the accelerating effect of the 
force acting upon it; let CPD be a curve whose ordinates repre- 
sent the accelerating effect of the force for the different positions 
of the body at the foot of the ordinates. 

Let AB be the space traversed by the body, and let it be 
divided into any number of small portions, of which suppose 
MN one, and let QN be the ordinate at N, PMNq, QNMp 
complete parallelograms. 

If during the time occupied in describing MN the force 
remained constant, the difference of the squares of the velocities 
at M and N would be represented by 2MN.PM or 2 MN. QN 
or by twice the parallelograms 2PN or 2 QM according as the 
uniform force was that represented by PM or QN. 

Hence the difference of the squares of the velocities at M 
and JVis represented by an area lying between 2 PN or 2QM, 
if MN be sufficiently diminished ; hence, it follows by reasoning 
similar to the above that the difference of the squares of the 
velocities at A and B is represented by twice the area ACDB. 

56. Hence we obtain another measure for the force cor- 
responding to the position M. For the increase of (velocity)* 
in MN is represented by 2 area PMNQ> 
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and PM » limit 



limit 



PMNq 
MN ' 

PMNQ 

MN ; 



the accelerating effect of the force at M is measured by the 

.. . _ increase of the (Telocity)* in MN 

limit of ,^ T J . 

*MN 



Application to the determination of the motion of a particle, under 
various circumstances. 

1. To find the space travelled over in a given time t" by a 
body moving with a velocity which varies as the (time) 2 from 
the beginning of the motion. 

Let AB represent the time, and let 2?^ perpendicular to AB represent 
the velocity at the end of that time, i . e. let BC represent the space 
which would be described in the next unit of time, if the body instead 
of moving with constantly increasing velocity, were to move with 
uniform velocity for an unit of time from the end of the time repre- 
sented by AB. 




Let AB be divided into any number of equal portions of which 
MN is one, and let MP, NQ represent the velocities at the end of the 
times represented by AM y AN. 

Then since MP : NQ : BC :: AM 9 : AN 9 : AB*; 
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.*. a parabola, whose vertex is at A can be described, touching AB 
and passing through P, Q, C and the extremities of all ordinates 
described on MP. 

Hence, the space described in the time represented by AB is repre- 
sented by the parabolic area ABC or \AB.BC. 

And if p be the velocity at the end of 1", pf that at the end of /"; 
then bpt*.t = \p? is the space described in the time U 

Or, we can further illustrate the meaning of Art. 45, employing 
another method of representing the space. 

Join AC, and let pM, qN be the ordinates, and suppose the figure 
to revolve round AB, pM generates a circle which oc pM* cc AM*; 
.\ this circle may be taken to represent the velocity at the time corre- 
sponding to AM, and the solid generated by pq NM represents the 
space described in time MN. The whole space is therefore represented 
by the cone generated by ABC, or ^AB.irBC, which gives the same 
result as before* 

2. To find the velocity acquired from rest, when a body is 
acted on by an attractive force whose accelerating effect varies 
as the distance from a fixed point. 

Let S be the fixed point, A the point from which the motion com- 
mences, and let AB perpendicular j^ 
to SA represent the accelerating 
effect of the force at A. 

Join SB, and from any point M, 
let MP perpendicular to SA meet 
SB'mP; 
.'. since PM : BA :: 8M : SA, 

PM represents the accelerating 
effect of the force at M, 
and (velocity)" at M is represented by 2 x area BAMP. (55.) 

Let V the velocity which the force, continued uniform from A, 
would have generated in the space \ AS ; describe the circle AQE with 
centre S, and produce MP to Q. 
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(velocity)' at M : V* :: 2 area B AMP : AS.AB 
:: AS A B- ASM P : ASAB 
:: SA'-SM 9 : SA a 
:: QM 8 : SA>; 
,\ velocity at M : F :: QM : £J. 

Hence, velocity at M = F sin Q&4, 
when the body arrives at S the velocity is the same, as if the force, 
continued constant from A, had acted through half that distance. 

If fiSA be the measure of the accelerating effect of the force at A, 

and the velocity at M = Jp QM. 

8. Time of describing a given space from rest under the 
action of a force varying as the distance from a fixed point 

Making the same construction as before ; 
let t =» time from M to N; 

.: t x velocity at M = MN, ultimately. 
Now, MN : QR :: QM : QS, ultimately 
:: QM : SA 
:: velocity at M : V 
:; /x velocity at M \ tV ; 
.-. tV=QR, 
and Fx time from A to M = arc AQ ; 

.*. the time from A to M is that in which a distance equal to the arc 
AQ would be described uniformly with the velocity generated from A 9 
in the space %AS by the force at A continued constant. 

Hence also time in AM = —= — — 
Jfi.AS 

= -p x circular measure of QSA. 

newt. a 
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4. Velocity acquired from rest by a body attracted by a 
force, whose accelerating effect varies inversely as the square of 
the distance from a fixed point. 

Let S be the fixed point, A the point from which the motion com 
mences, and let AB perpendicular to SA represent the accelerating 
effect of the force at A 9 MP that at any point M. 




Let SA be divided into a large number of portions, of which MNis 
one, and let BPD be the curve which is the locus of such points as P, 
NQ, CD ordinates at iVand C. 

Dd, Qq, Pp, Bb parallel to AS meet Sd perpendicular to SA. 
Difference of (velocity)* at M and N is represented by 
2PM.MN, ultimately, 
but PM : QN :: SN* : SUP, 
and SM : SN :: SM : $N ; 

.-. rectangle PS : rectangle QS :: SN : SM, (1). 

.-. PS : QS-PS :: SN . MN, 

:: SM : MN 9 ultimately, 
:: PS : PN, ultimately; 
.-. QS-PS=PN; 
.*. (velocity)* at N- (velocity)* at M is represented by 
2 {QS-PS) ultimately; 
.\ (velocity)* generated in AC is represented by 2 {DS— BS). 
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If V be the velocity generated by the force at A continued constant 
through AS; 

(velocity)" at C : V :: 2(DS-BS) : 2BS, 
and by (1) BS : DS :: SC : SA; 
.-. DS-BS: BS :: AC: SC 

:: AC.SC : SC 9 . 
If a semicircle be described on AS as diameter meeting CD in X)'. 
(velocity)" at C : F 1 :: C//" : £C" ; 
. . velocity at C : V :: CTt : SC. 

Or, if -5-5 be the accelerating effect of the force at C : 

v SA % SA' 

and (velocity)" at C : ^ :: AC : SC, 

(velocity)"at C-^.-^. 

5. Time of describing a given distance from rest under the 
action of the same force. 

On SA as diameter 'describe a semicircle, center O, and produce 
MP, NQ to the circumference in P y Q'. 

Let t = time from M to N, 

V=* velocity generated from A to S, 
by the force at A continued constant. 

Then, if P'R' be perpendicular to Q!N, 

P f Bf : rq : QR' :: P f M :: OP f : OM y ultimately; 

.-. MN : P , Qf+ Q'R' :: P'M : 0P' + OM 

:: P'M : SM 

:: velocity at M : V 

:: MN : *F ultimately; 

.-. Vt = P'Q!+Q!R'i 

.-. F x time from A to C « arc ^D' + D'C; 

G2 
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.'. time from A to C is that in which a space equal to arc AT/ + jyC 
would he described uniformly with the velocity generated at S by the 
force at A 9 continued uniform, 

and F'=§J; 



,-. time to C = ^/p (arc A& + I/C), 
and whole time to ^= x /g.,M 5= ^^). 

6. Space described by a body moving in a medium, in 
which the resistance varies as the velocity, and no other force 
acting on the body, varies as the velocity. 

Let the time AK be divided into equal portions AB y BC y CD, ... ; 
and let Aa', Bb\...be the velocities at the beginning of times, the 
space in time AK is represented by the area a'AKkf. 




Suppose the force of resistance to be constant throughout the 
intervals A B, BC, ... and equal to the amount at the commencement 
of each, and let Aa y Bb, ... be the measures of those forces; 

.-. Aa : Bb : :: Aa' : Bb' : 

and the velocity destroyed is represented by the limit of the sum of the 
parallelograms aB, bC, or the area aAKk; 
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.'. velocity destroyed in time AK 
: space described :: aAKk : a'AKk 
:: Aa : Aa' :: resistance : the velocity. 
If resistance = /ix velocity, 

velocity destroyed = /a x space. 

7. A particle slides down the smooth are of a cycloid, 
whose axis is vertical, to find the time of an oscillation. 

Let AB be the vertical axis of the cycloidal arc A PL, L the point 
from which the particle begins to move, PQ a small arc of its path, 
LB, PM % QN perpendicular to AB. 




V T 

Let t- velocity at P, 

T- time in falling from B to A ; 
.-. 2AB=gT, 
and v*=%g.BM. 
But by the properties of the cycloid, (see Appendix) 
AL' = 4>AB.AB 9 
AP* = 4>AB.AM; 
.-. AL*-AP* = 4>AB.RM. 
Take A I, Ap 9 Aq, on the tangent at A respectively equal to AL y 
AP, AQ, and let pt, qu perpendicular to Al be ordinate* to a circle 
whose center is A and radius AL 
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.\ t>*T*»2ff7*RM; 

= *AB.RM=pf. 
. pt would be described with velocity v in time T, 
and ultimately PQ is described with velocity v; 
/. time in PQ: Tr.QP.pt 
:: pq i pt 
:: tu i At ultimately. 

.*. time in PQ- T x circular measure of t tAu ultimately ; 
.". time in LA = T x - 



time of an oscillation 






9 '' 



/. the cycloid is a tautochronous curve, i.e. the time is the same 
from whatever point the particle's motion commences. 

8. A particle is subject to the action of a force, whose accele- 
rating effect varies as the distance from a fixed point, in the 
direction of which it acts, the particle is projected from a given 
point in a direction perpendicular to the direction of the force at 
that point, to find the path described by the particle. 

Let the force tend to C, A the point 
of projection, P the position of the parti- 
cle at any time. 

CB perpendicular to CA, the distance 
in which a particle would be reduced to 
rest if projected from C with the velocity 
of projection. 

Describe circles Bb, aA having the 
common center C, and draw CpP / cutting 
the circles in p and P / y pn is perpendicular 
to CB and pm, P'M to CA. 
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Referring to Prob. 3, p. 81, it will be seen that particles starting 
respectively from rest at A and with the velocity of projection at C, 
under the action of the same force, would arrive simultaneously at M 
and n, since the time in both cases is proportional to the angle P'CA. 

But the particle in the proposed problem is acted on at P by a 
force which is represented by PC whose accelerating effect parallel to 
AC and CB is represented by MC and P3f, ,\ the acceleration in AC 
is the same as that of the particle supposed to move in AC from rest, 
and the retardation parallel to BC the same as that of the particle in 
CB, projected from C. .'. P is in the intersection of np and MP 1 , 

and PM : P , M :: pm : P'M 
:: Cp : CP f 
:: CB : CA; 

.*. the required path of the particle is an ellipse whose semiaxes are 
CA and CB. 

Cor. 1. If /a. CP is the accelerating effect of the force at P and V 
the velocity of projection, 

v-v.cb*. 

Also, area ACP « area AGP 9 
cc angle ACP 9 
oc time from A to P, 
or the area swept out by the radius vector is proportional to the time. 

Cor. 2. Also (velocity) 9 at P= sum of the squares of the velocities 
of the particles at M and n 

-pLP'M 9 +r.pn* = viCiy 9 
if CD be the semiconjugate diameter to CP. 



VII. 

l. If the square of the velocity of a body be proportional 
to the space described from rest, prove that the accelerating 
force is constant 



SS NEWTON. 

2. At what point of the proof of the Lemma X is it 
assumed that the body starts from rest ? 

3. When the force is constant, how may the figure be 
modified, and the proposition extended ? 

4. What is meant by ' vis finite/ in the Lemma? 

5. If a body move from rest under the action of a force, 
which varies as the square of the time from the beginning of the 
motion, shew that the velocity varies as the cube of the time, 
and the space described as the fourth power of the time. 

6. If the velocity after a time t from rest be equal to 
a(2t + **)' w ^ at W *U be the shape of the curve in the figure, 
and the space described in any time ? 

7. Find the form of the curve in Lemma X, when the force 
varies as the distance from a fixed point. 

8. When a body moves from rest at A under the action of 
a force which varies as the square of the distance from 

&(- fiSM* at M) y the velocity at M = - (S4 3 - SW). 

9. If a body be acted on from rest by a repulsive force 
which varies as the distance from a fixed point, find the velocity 
when the body arrives at any position. 

10. State the proposition by which Lemma X is replaced, 
when the body instead of starting from rest commences its 
motion with a given velocity. 

11. A particle is placed in the line joining two centers of 
attracting force, the accelerating effect of which varies as the 
distance, find the time in which the particle oscillates. 

12. Two forces reside at S, one attractive and whose accele- 
rating effect on a particle varies as the distance from S, and the 
other constant and repulsive ; prove that, if a particle be placed 
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at S it will move until it be brought to rest at a point which is 
double the distance from S, at which it would rest in equilibrium 
under the action of the forces. 



LEMMA XL 

The vanishing subtenses of the angle of contact in all curves 
which have finite curvature at ilue point of contact, are 
ultimately in the duplicate ratio of the chords of the con- 
terminous arcs* 

Case l. Let AB be the arc of a curve, AD its tangent 

at A, BD the subtense of the angle of contact BAD 

perpendicular to the tangent, AB the chord of the arc. 
Let AG, BG be drawn perpendicular to the tangent AG 

and the chord AB respectively, 

meeting in G; then let the points 

D, B, G move towards the points 

d, b, g, and let / be the point of 

ultimate intersection of the lines 

BG, AG, when the points B, D move 

up to A. 
It is evident that the distance GI may 

be made less than any assigned dis- 
tance by diminishing AB. 
But since the angles ABD and GAB 

are equal, and also the right angles 

BDA, ABG, the triangles ABD, GAB 

are similar; 

.\ BD : AB :: AB : 

/. BD.AG** AB\ 




AG, 



Similarly, bd.Ag = Ab*; 

.-. AB* : Ab*=BD.AG : bd.Ag; 
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.-. the ratio AB* : AW is a ratio compounded of the ratios 
of BD : bd, and AG : Ag. 

But, since GI may be made less than any assigned length, 
the ratio AG : Ag may be made to differ from a ratio 
of equality less than by any assigned difference, .\ the 
ratio AB % : AW may be made to differ from the ratio 
BD : bd less than by any assigned difference. 

Hence, by Lemma I., the ultimate ratio AB 2 : AW is the 
same as the ultimate ratio of BD : bd. q.e.d. 

Case 2. Let now the subtenses BD', fed* be inclined at 
any given angle to the tangent; then, by similar tri- 
angles D'BD, <tbd, 

BD' i bd' :: BD : bd, 
and ultimately, BD : bd :: AB 9 : AW; 
.-. ultimately, BD' : bd' :: AW : Ab % % 

Q.E.D. 

Case 8. And although the angle D' be not a given angle, 
if BD' converges to a given point, or is drawn according 
to any other [fixed] law, [by which the angle D' re- 
mains finite, since BD* is a subtense,] still, the angles 
D', d\ constructed by this law common to both, con- 
tinually approach to equality and become nearer than 
by any assigned difference, and will be therefore ulti- 
mately equal, by Lemma L, and hence BDf 9 bd 9 are 
ultimately in the same ratio as before. q.b.d. 

Cor. 1. Hence, since the tangents AD, Ad, the arcs AB, 
Ab, and their sines BC, be, become ultimately equal to 
the chords AB, Ab; their squares also will be ultimately 
as the subtenses BD, bd. 

Cor. 9. The squares of the same lines are also ultimately 
as the squares of the sagittse of the arcs, which bisect 
the chords, and converge to a given point : for those 
sagittse are as the subtenses BD> bd. 
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Cob. 5. And therefore the sagittse are in the duplicate 
ratio of the times in which a body describes the arcs 
with a given velocity. 

Cor. 4. The rectilinear triangles ADB, Adb are ulti- 
mately in the triplicate ratio of the sides AD, Ad, and 
in the sesquiplicate ratio of the sides DB, db; since 
these triangles are in the ratio compounded of AD : DB 
and Ad : db. So also the triangles ABC, Abe are ulti- 
mately in the triplicate ratio of the sides BO, be. The 
sesquiplicate ratio is the subduplicate of the triplicate, 
which is compounded of the simple and the subdupli- 
cate ratios. 

Cor. 5. And, since DB, db are ultimately parallel and in 
the duplicate ratio of AD, Ad, [therefore, this being 
a property of a parabola, at every point at which a 
curve has finite curvature an are of a parabola can be 
drawn which ultimately coincides with the curve ;] and 
the curvilinear areas ADB, Adb will be ultimately two 
thirds of the rectilinear triangles ADB, Adb: and the 
segments AB, Ab the third parts of the same triangles. 
And hence these areas and these segments will be in 
the triplicate ratio as well of the tangents AD, Ad as 
of the chords and arcs AB, Ab. 



SCHOLIUM. 

But, in all these propositions, we suppose the angle of 
contact to be neither infinitely greater nor infinitely 
less than the angles of contact, which circles have with 
their tangents ; that is, that the curvature at the point 
A is neither infinitely great nor infinitely small, in other 
words, that the distance AI is of finite magnitude. 

For DB might be taken proportional to AD 9 , in which 
case no circle could be drawn through the point A be- 
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tween the tangent AD and the curve AB, and the angle 
of contact will be infinitely less than that of any circle. 
And, similarly, if different curves be drawn in which DB 
varies successively as AD { 9 AD* 9 AW, &c, a series of 
angles of contact will be presented which may be con- 
tinued to an infinite number, of which each will be 
infinitely less than the preceding. And if curves be 
drawn in which DB varies as AD\ AI$ f AD* 9 AD*> 

AI$, &c, another infinite series of angles of contact 
will be obtained, of which the first is of the same kind 
as in the circle, the second infinitely greater, and each 
infinitely greater than the preceding. But, moreover, 
between any two of these angles, an infinite series of 
other angles of contact can be inserted, of which each 
may be infinitely greater or infinitely less than any pre- 
ceding; for example, if between the limits AD 2 and 

AD 9 there be inserted AJDrf, AI%, AD*, AI#, Arf, AD\ 

ADl, AD» 9 AD7, &c. And again, between any two 
angles of this series there can be inserted a new series 
of intermediate angles differing from one another by 
infinite intervals. Nor does the nature of the case 
admit any limit. 



The propositions which have been demonstrated con- 
cerning curved lines, and the included areas, are easily 
applied to curved surfaces and solid contents. 



These Lemmas have been premised for the sake of escap- 
ing from the tedious demonstrations by the method 
of reductio ad absurdum, employed by the old geo- 
meters. The demonstrations are certainly rendered 
more concise, by the method of indivisibles; but, as 
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there is a harshness in the hypothesis of indivisibles, 
and on that account it is considered to be an imperfect 
geometrical method ; it has been preferred to make 
the demonstrations of the following propositions depend 
on the ultimate sums and ratios of vanishing quantities 
and on the prime sums and ratios of nascent quantities, 
i. e. on the limits of sums and ratios ; and therefore to 
premise demonstrations of thpse limits as concise as 
possible. By these demonstrations the same results are 
deducible as by the method of indivisibles ; and we may 
employ the principles which have been established with 
greater safety. Consequently, if, in what follows, quan- 
tities should be treated of as if they consisted of parti- 
cles, [indefinitely small parts,] or small curve lines 
should be employed as straight lines ; it would not be 
intended to convey the idea of indivisible, but of va- 
nishing divisible quantities, not that of sums and ratios 
of determinate parts, but of the limits of sums and 
ratios: and it must be remembered that the force of 
such demonstrations rests on the method exhibited in 
the preceding Lemmas. 



An objection is made, that there can be no ultimate pro- 
portion of vanishing quantities ; inasmuch as before 
they have vanished the proportion is not ultimate, and 
when they have vanished, it does not exist. But by 
the same argument it could be maintained that there 
could be no ultimate velocity of a body arriving at a 
certain position, at which its motion ceases; for that 
this velocity, before the body arrives at that position, 
is not the ultimate velocity ; and that, when it arrives 
there, there is no velocity. And the answer is easy : 
that, by the ultimate velocity is to be understood that, 
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wfaen the body is moving, neither before it reaches the 
last position, and the motion ceases, nor after it has 
reached it, bat at the instant at which it arrives ; L e. 
the very velocity with which it arrives at the last posi- 
tion, and with which the motion ceases. 

And similarly, by the ultimate ratio of vanishing quantities 
is to be understood the ratio of the quantities, not 
before they vanish, nor after, but with which they 
vanish. Likewise also, the prime ratio of nascent 
quantities is the ratio with which they begin to exist. 
And a prime or ultimate sum is that with which it begins 
to be increased or ceases to be diminished. 

There is a limit, which the velocity can attain at the end 
of the motion, but cannot surpass. This is the ultimate 
velocity. And the like can be stated of the limit of 
all quantities and proportions commencing or ceasing 
to exist. And since this limit is certain and definite, 
to determine it is strictly a geometrical problem. And 
all geometrical propositions may be legitimately em- 
ployed in determining and demonstrating other propo- ' 
sitions which are themselves geometrical. 

It may also be argued, that if the ultimate ratios of 
vanishing quantities be given, the ultimate magnitudes 
will also be given, and thus every quantity will consist 
of indivisibles, contrary to what Euclid has demon- 
strated of incommensurable quantities, in his tenth book 
of the Elements. 

But this objection rests on a false hypothesis. Those 
ultimate ratios with which quantities vanish, are not 
actually ratios of ultimate quantities, but limits to which 
the ratios of quantities decreasing without limit are 
continually approaching ; and which they can approach 
nearer than by any given difference, but which they 
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can never surpass, nor reach before the quantities are 
indefinitely diminished. 

The argument will be understood more clearly in the 
case of infinitely great quantities. If two quantities, 
of which the difference is given, be increased infinitely, 
their ultimate ratio will be given, namely, a ratio of 
equality, yet in this case the ultimate or greatest quan- 
tities of which that is the ratio will not be given. 

In what follows, therefore, if at any time for the sake of 
facility of conception, the expressions indefinitely small, 
or vanishing, or ultimate be used concerning quantities, 
care must be taken to understand thereby quantities 
determinate in magnitude, but to conceive them in all 
cases quantities to be diminished without limit. 



Curvature of Curves. 

57. The curvature of a curve at any point is greater or 
less as the amount of deflection from the tangent at that point, 
in the immediate neighbourhood of the point, is greater or less. 

Two curves have the same curvature at two points, taken one 
in each, if they have the same deflection from the tangents at 
those points at equal distances from the points of contact, in the 
immediate neighbourhood of those points. 

58. An exact geometrical test of equality of curvature may 
be obtained as follows : — 

If AB, ab be two curves which have the same curvature at 
J, a respectively, draw the tangents AC, ac and take AC»ac. 

X € 





Draw subtenses BC, be inclined at equal angles to the tangents. 
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If BC and be were equal for all equal values of AC, ac the 
curves would be equal and similar. If BC : be be ultimately 
a ratio of equality when AC, aC are taken indefinitely small, 
the curves have the same deflection from the tangents in the 
immediate neighbourhood of A, a, or the curves have the same 
curvature at those points. 

If the chords AB, ab be drawn, it is an immediate conse- 
quence that the ultimate ratio of the angles BAC f bac is a ratio 
of equality. These angles are called the angles of contact. 

Hence, curves have the same curvature at two points, taken 
one in each, if, equal tangents being drawn at those points, and 
subtenses inclined at any equal angles to the tangents, the limit- 
ing ratio of the subtenses is a ratio of equality, or if the limiting 
ratio of the angles of contact be a ratio of equality. 

59. The curvature of one curve is infinitely greater or infi- 
nitely less than that of another if the limiting ratio of the sub- 
tense of the first to that of the second be infinitely great or 
infinitely small. 

60. The ratio of the curvature of one curve to that of 
another at two points, or of the curvature of the same curve at 
two different points, is the limiting ratio of the subtenses drawn 
to the extremities of equal tangents and inclined at equal angles 
to the tangents. 

61. The curvature of a curve is said to be finite, at any 
point, when the ratio of the curvature at that point to that of a 
circle is finite. 

62. The curvature of a circle is the same at every paint. 

Let A, a be any two points on a circle, AC 9 ac equal tan- 
gents at A, a, CB, cb subtenses perpendicular to the tangents, 
ODy Od perpendicular to the subtenses produced; 

.*. CD - cd, each being equal to the radius, and BD m bd ; 
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/. BC~bc, and ultimately, when the arcs are 
diminished, BC : 6c is a ratio of equality ; 




.*. the circle has the same curvature at A, a any two points. 

68. In different circles the curvature varies inversely as 
the radii. 

In the last figure, produce CB to the circumference in E. 
Then, JC*« CB . CE, and it A' Cm AC be a tangent to an- 
other circle, and the same construction be made 
A'C'-CB'.CE; 
.-. CB. CE = CB! .CE! '; 
and CB : Cff :: CE : CE; 
and, ultimately, when AC, A'C are indefinitely diminished, 

CE - 2AO ; 
.-. CB : CB :: A'C : AO, ultimately, 
or the curvatures are inversely proportional to the radii 

Measure of Curvature. 
64. The curvature of a circle is the same at every point ; 
the curvature of different circles varies inversely as the diameters 

NEWT. h 
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of the circles ; and a circle can be constructed of any degree of 
finite curvature by varying the magnitude of the diameter. 

Hence, a circle can always be found, whose curvature at any 
point is equal to that of a curve at a fixed point. 

The curvature of a curve at any point is therefore completely 
determined, when the diameter of the circle is found, which has 
the same curvature as the curve at the given point 

The diameter of the circle, which has the same curvature as 
the curve at a given point, is called the diameter of curvature of 
the curve at that point. 

The chord of the circle, drawn in any direction, is called the 
chord of curvature in that direction. 

The circle itself is called the circle of curvature, and is the 
circle which has the same tangent as the curve at any point, and 
also the same curvature. 

65. Any other curve might have been chosen as the 
standard measure of finite curvature, but, since no curve but the 
circle has the same curvature at every point, it would then have 
been necessary, after selecting the curve, to specify the point at 
which the curvature might form the measure of curvature. 

Thus, if the standard curve were a parabola, we must choose 
the curvature of the parabola at the vertex or at the extremity 
of the latus rectum or at some determinate point, by which to 
obtain the measure. 

The inconvenience is obvious. 

General Properties of the Circle of Curvature. 

66. If a circle be drawn touching a curve at a given point, 
and cutting it at a second point, as the second point approaches 
indefinitely near the point of contact, the circle assumes a limit- 
ing magnitude, and evidently satisfies the condition that it has 
the same curvature as the curve at that point. 
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67. As a tangent at any point is the limiting position of a 
side of a polygon terminated in that point, and inscribed in the 
curve, when the number of sides is increased indefinitely : so the 
circle of curvature at any point is the limiting circle which passes 
through the extremities of two consecutive sides of the polygon 
either terminated in that point or commencing from that point 

68. No circle can be drawn whose circumference lies be- 
tween a curve and its circle of curvature at any point, near 
that point. 

For, let AQ be the arc of the curve, Aq of the circle of 
curvature ; and let, if possible, another circle be drawn, of which 
the arc AS lies between the curve and circle. 

Draw the tangent AR and let RQ, the subtense perpendicu- 
lar to the tangent, cut the circles ^ n 

in q, S. mmm ~ 

Then SR : qR is ultimately 
the ratio of the diameters of the 
circles : 

,\ SR is ultimately unequal to qR ; 

but since qR and QR are ultimately in a ratio of equality, SR 
which is intermediate in magnitude is ultimately equal to either, 
which is absurd. 

.*. no circle, &c. 
This proposition corresponds to Euclid, III, Prop. XVI. 

69. The circle of curvature generally cuts the curve. 

For the curvature of the curve at different points taken 
along the curve continually increases or continually diminishes, 
until it arrives at a maximum or minimum value. 

If therefore the circle of curvature be drawn at any point, 
on the side on which the curvature is increasing, as we proceed 

H2 
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from the point, the curre lies within the circle, and on the other 
side, on which the curvature is diminishing, the curve lies without 
the circle ; which proves the proposition in the general position 
of the point. 

For the particular case, in which the point is at a position 
of maximum or minimum curvature, as at the extremities of the 
axes of an ellipse, if the curvature be a maximum the curvature 
at adjacent points on either side is less than that of the circle of 
curvature at the point under consideration, therefore the circle 
lies entirely within the curve on both sides near the point of 
mflTimnm curvature; and similarly, it lies without the curve at 
points of minimum curvature. 

70. To illustrate this by reference to the inscribed polygon. 

If, in a curve, equal chords AB 9 BC, CD % DE, ... be placed in 
order, generally the angles ABC, BCD, CDE,... increase or decrease, 
commencing from any point, which property of the polygon has the 
property corresponding to it in the curvilinear limit, when the chords 
are diminished indefinitely, that the curvature decreases or increases 
continually. 

Suppose the angles are increasing from B, in the circle described 
about BCD, let BA\ DE' be placed equal to BC or CD. 

Then, BA' and DE' lie on opposite sides of the perimeter of the 
polygon, whence, if we proceed to the limit, tbe circle of curvature at 
a point in the middle of increasing curvature cuts the curve. 

If the angles ABC and DEF be each less than the angles BCD 
CDE, supposed equal, the curvature decreases and then increases, and 
the circle about BCD passes through E, and BA, EF lie within the 
circle, and proceeding to the limit, the circle of curvature lies without 
the curve, near the point of minimum curvature. 

Evolute of a Curve. 

71. If the circles of curvature be drawn at every point of 
a curve, the centers of those circles lie in a curve which is called 
the evolute of the proposed curve. 
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Properties of the Evolute. 



72. Let ABODE be any polygon, and let a'a 9 b'b 9 c' c, d'd be 
drawn perpendicular to the sides from the middle points a\ b\ &c, 
these intersect in the angular points abed..* of another polygon. 




If a string were wrapped round a'abed... the extremity a' would 
as the string was unwrapped pass through the points a V c' d!. 

Let now the number of sides of the polygon be increased and the 
magnitude diminished indefinitely. 

The points a V c ... are ultimately in the curve which is the limit 
of the polygon, and since a 9 b 9 c 9 ... are the centers of the circles de- 
scribed about ABCy BCD,... a, b 9 c y ... are ultimately the centers of 
the circles of curvature at a b' <;'..., and the curve which is the limit 
of the polygon abed.,, is the evolute of the curve a V #'..., and the 
property proved for the polygons is true for the limits of the polygons, 
therefore the extremity of the string wrapped round the evolute traces 
the curve of which it is the evolute. This property gives rise to the 
name of evolute. 

Also V b\& ultimately the tangent to the evolute and is perpendi- 
cular to BO which is ultimately the tangent to the curve a V <?'..., 
therefore the tangent to the evolute is a normal to the curve. 

The curves formed by the unwrapping of the string from the evo- 
lute are called involutes. 
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Propositions on Diameters and Chords of Curvature. 

73. If a subtense be drawn from the extremity of an arc 
of finite curvature, in any direction, the chord of curvature pa- 
rallel to that direction is the limit of the third proportional to 
the subtense and the arc. 

Let PQ, Pq be arcs of a curve and its circle of curva- 
ture at P, PR the common tangent, p ^ 
RQq the direction of a common sub- 
tense, meeting the circle in U. 

PV parallel to RQ ; 

/. since Rq.RU-PR? 9 

RU is the third proportional to PR 
and Rq. 

But, ultimately, when PQ is indefi- 

nitely diminished RU- PV, PR « PQ, v 

(Lemma VII) ; and Rq «= QR by the properties of the circle of 
curvature ; 
.\ PV is the limit of the third proportional to QR and PQ. 

Cor. The diameter of curvature is the limit of the third 
proportional to the arc and the subtense perpendicular to the 
tangent. 

74. The chords of curvature at any point of a parabola 
drawn through the focus, and in the direction of a diameter 
are equal to four times the focal distance of that point. 

Let AP be a parabola, P any point, RQ a subtense parallel 
to the diameter PMx, QM the ordinate at Q, S the focus. 
Then, by the properties of the parabola, 

QM*=4>SP.PM; 

.: 4,SP is a third proportional to QM and PM, i. e. to PR 
and RQ; 
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.\ 4>SP is the limit of the third proportional to the arc PQ 
and the subtense QR, and is therefore equal to the chord of 
curvature at P in direction of the diameter. 

And since PS, PM are equally inclined to the tangents at 
P, the chords in those directions are equal ; therefore, the chord 
of curvature through & is four times the focal distance SP. 

75. One fourth of the diameter of curvature at any point 
of a parabola is a third proportional to the focal distance of 
that point, and the perpendicular from the focus on the tan- 
gent at that point. 

For, draw SY, QRf perpendicular to PR, and let II be 
the diameter of curvature at P. 

Then PI : PQ :: PQ : QR* ultimately; 
.-. PI : PR :; PR : Qlt ultimately. 
But, PR : 4SP :: QR : PR; 

.-. PI : 4,SP :: QR : QR! ultimately, 
:: SP : SY. 
Since the triangles SYP, QKR are similar ; 
.\ 4SP*-PI.SY; 
.\ £ PI is a third proportional to SP and SY. 
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76. The chord of curvature at any paint of an ellipse, 
drawn through the center of the ellipse, is a third proportional 
to the diameter through that point and the diameter conjugate 
to it. 



Let P be any point In an ellipse, PCQ the diameter, 
DCD' conjugate to it, Q any point near P, QR a subtense 




parallel to CP, QM an ordinate parallel to DC, PV the chord 
of curvature drawn through C. 

Then, PV. QR - PQ* = QM*, ultimately, 

and QM* : PM.MG :: CD* : CP*; 

.'. PV. QR : QR.MG :: CD* : OP 1 , ultimately. 

.-. PV : 2CP :: CD* : CP 9 , ultimately : 

.% PV. CP : 2CI* :: CD* : CP*, 

and PV.CP = *CD*; 

or PV : S0Z> :: 2CZ> : 2CP; 

or PF is a third proportional to PG and DCZX. 

77. The chord of curvature at any point through the focus 
is a third proportional to the major axis, and the diameter 
parotid to the tangents at that point. 
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Draw the focal distance SP cutting the diameter BCD' 
in E, and let PV' be the chord of curvature through S. 
Then PV : PV :: QR : Q#, ultimately, 

:: CP : PE, by similar triangle ; 
.% PV'.PE = PV.CP = 2CD*; 
.\ PF is a third proportional to 2PJB and J?CD', 
and 2P-E is equal to the major axis ; and similarly for the other 
focus H. 

78. The diameter of curvature at any point, is a third 
proportional to twice the perpendicular from the point on the 
diameter parallel to the tangent and that diameter. 

Draw QR" perpendicular to the tangent, and PF perpen- 
dicular to DCiy, and let PI be the diameter of curvature. 
PI : PV :: QR : QS", 
:: CP : PF; 
•\ PI.PF-PV.CP=2CD*; 
•\ PI is a third proportional to 2PF and DCD'. 

79. The propositions concerning the chords and diameter 
of curvature of an ellipse may be proved in the same words for 
the hyperbola, employing the following figure. 
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80. The radius of curvature at any paint of a conic sec- 
tion is to the normal in the duplicate ratio of the normal to the 
8emi-latu8 rectum. 

Let PK be the normal, PO the radios of curvature, L the 
latus rectum. 

I. For the parabola, 

PO : 2SP :: SP : SY, 
:: SY : SA, 
*a&PK-2SY, or PK* = *SP . SA ; 
.-. PO : 2SY :: SP : SA, 



:: 4,SP.SA 
PO : PK :: PK* 



■ ©■ 



II. For the ellipse or hyperbola, 

PO.PF-CD*, and PK.PF~BC*i 
.-. PO : PK :: CD* : PC*, 



AC 1 : PF»; 

2 



and AC : PF :: AC.PK : PF.PK-BV- ^. AC, 

.. pjr • _. 



PO : PJ? :: PK* : (-) , O.B.D. 



:( ¥ ). Q.I 



81. To find the radius of curvature of a curve defined 
by the relation between the radius vector and the perpendicular 
from the pole on the tangent. 

Let QPP be a polygon inscribed in a curve, SY 9 SY* per- 
pendicular on the sides QP, PP*; PO, PO perpendicular to the 
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same sides intersecting in O, P* U perpendicular SP, and let SY, 
PT intersect in W. 

Describing a semicircle PYY*S on SP 
4. YPW- l YSY = z POP*, 
andzWTP- / OP>P; 
therefore the triangles are similar. 
.-. PO : PP> :: PW : YW\ 
also, PP> : SP :: PU : PY, 
by similar triangles P>UP, SYP; 

therefore, ultimately, since PW=*PY 
ultimately, 

PO : SP :: PU : YW 

:: SP-SP* : SY ~ SY, ultimately, 

and chord of curvature at P : 2SY :: SP ~ SP> : SY ~ fll", 
ultimately. 

82. Two tangents AT, BT are drawn at the extremities 
of an arc AB, to prove that AT is 
ultimately equal to BT, when AB w 
indefinitely diminished. 

Draw TCUVin any direction making 
a finite angle with the tangents, and 
meeting the circles of curvature at A 
and B in UV. Then since the circle of 
curvature at A is the limit of the circle 
which passes through C and has the 
tangent AT, we have ultimately, 

TA % : TB* :: TC. TU : TC. TV, 

and 7^7 « TV, ultimately; 
.-. TA m TB, ultimately. 
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Cor. If the subtense BD be drawn 

AT + TB - AB - AD, ultimately ; 
therefore, T is ultimately the point of bisection of AD. 

Illustrations. 

1. The chord of curvature at any point of an equiangular 
spiral, which is drawn through the focus is equal to twice the 
focal distance of the point. 

Let PQ be an arc of the equiangular spiral, PR, UQY' tangents 
at P and Q, QR a subtense parallel to SP, 
z SQY'=zSPR 




by the properties of the curve, 

/. SQU, SPU are together equal to two right angles ; 
.-. *PSQ=*QUR. 

Draw QW making 

l QWP=*RPW; 

.-. triangles SWQ, URQ are similar, 

and SQ : QW :: QU : QR; 

.-. 2SQ : QW :: 2QU : QR, 

and Q W = PR, also 2 QU= PR ultimately by the last proposition, 

•\ 2SP : PR :: PR : QR ultimately; 

,\ 2 £P is the chord of curvature at P through S. 

A liter. 

Since SF : SY' :: SP : SP*, 

SY : SP :: SY ~ ST >. SP ~ SP, 

:: 2ST : chord of curvature at P, by Art 81 ; 

.'. chord of curvature at P through S= 2SP. 
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2. Radius and vertical chord of curvature of a catenary. 
Let PQ be a small arc of a catenary RSPT, QS tangents at"P 
and Q, PM , QN ordinates. 
TOM the directrix. 




By the triangle of forces QSR (see Appendix). 
Tension at P : weight of PQ :: SR : QR; 
.-. PM : PQ :: SR : QR 9 

:: ^PQ : QR ultimately ; 
.*. 2P3f is the limit of the third proportional to QR and PQ and is 
.*. the vertical chord of curvature. 

Hence, the radius of curvature = PG the normal. 
Also, PG : PM :: PT : TM, 

:: tension at P : tension at A, 
:: PM : AO; 
.'. the radius of curvature at P is a third proportional to PM &n&A0* 

8. To find the chord of curvature at any point of the 
cardioid, through the focus. 
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Reverting to the construction used in the example, Art. 39, it is 
easily seen that SY being perpendicular to PT 9 the triangle 
PSY, pBm y and CBp are similar; 
.\ SY : SP :: Bm : Bp, 
:: Bp : BC; 
.\ SY 9 : SP* :: SP : JBC, 
and by Article 81, we have ultimately chord of curvature 
: 2SY :: SP ~ SP* : SY-SY', 
and (SY* - SY") BC=SP*~ SP* ; 
.\ ultimately SP-SP* : SY-SY' :: 2SY.BC : SSP 1 , 

:: 2£P : 8SY; 

4 
/. chord of curvature through S = ~. SP. 

o 

VIII. 

1. Shew that the diameter of curvature at any point in a 
conic section varies as the cube of the normal. 

2. Prove that the focal distance of the point in the parabola 
at which the curvature is £ th of that at the vertex is equal to 
the latus rectum* 

3. Prove that the diameter of curvature at the vertex of 
the major axis of an ellipse is equal to the latus rectum : and 
shew that the ratio of the curvatures at the extremities of the 
axes is that of the cubes of the axes. 

4. Apply the property that the radius of curvature at any 
point of an ellipse is to the normal in the duplicate ratio of the 
normal to the semi-latus rectum, to shew that the radius of cur- 
vature at the extremity of the major axis is equal to the semi- 
latus rectum. 

5. Find for what point of an ellipse the circle of curvature 
passes through the other extremity of the diameter at that point, 
shew that the distance of this point from the center is the side of 
the square of which AB is the diagonal. 
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6. If BC be the chord of an arc BAC of continued curva- 
ture, A, D the middle points of the arc and chord, does AD 
pass through the center of curvature ultimately, when the arc 
is indefinitely diminished ? 

7. In a rectangular hyperbola, the diameter of curvature 
at any point, and the chords of curvature through the focus and 
center are in geometrical progression. 

8. A 9 By C are three points in a curve of finite curvature : 
when A and C move up to By and ultimately coincide with it, 
the circle circumscribing the triangle formed by the tangents at 
Ay By and C will ultimately cut the normal at 2? in a point which 
is at a distance from B equal to half the radius of curvature 
there, and the triangle formed by those tangents is ultimately 
half of the triangle ABC. 

9. Prove that the chord of curvature through the vertex A 

4PF* 

of a parabola is , Y being the intersection of the tangents 

at P and A, 

10. Shew that the sum of the chords of curvature through 
a focus of an ellipse at the extremities of conjugate diameters is 
constant. Also, that the sum of the radii of curvature raised to 
the power -| is constant. 

11. If PSp be a focal chord of an ellipse, PT 9 pT tangents 
at P and p, shew that the curvatures at P and p are as the 
cubes of p T and PT. 

12. Prove that at a point P in an ellipse for which the 
minor axis is a mean proportional between the radius of curvature 
and the normal, CP « AC - BC. Shew that this is impossible 
unless AC 5 2.BC. 

13. If the radius of curvature is twice the normal 

CP - cs. 
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If moreover A C ~%BC, CP-SPM. 

14. Shew that the evolute of an equiangular spiral is a 
similar spiral, and also that the extremities of the diameter of 
curvature traces out a similar spiral. 

15. In an ellipse the circle described on the semi-major axis 
is the circle of curvature at the vertex, shew that if SL the semi- 
latus rectum be produced to the auxiliary circle in U, SU= SC. 

16. If w, y be the co-ordinates of a point P of a curve OP 
passing through the origin O f the radius of curvature at O 

a? + y* 



- £ limit 



w sin a ~ y cos a 



a being the inclination of the tangent at to the line of abscissae. 
Hence shew that if the equation of a curve be 
y* + 2ay - %ax - 0, 
the radius of curvature at the origin is 2 \/£ • «• 

17. Prove that the chord of curvature at any point of the 
Lemniscate drawn through the focus is two thirds of the radius 
vector. 



Observations on the Lemma. 

83. In the proof of Lemma XI, AI is the limit of the 
third proportional to AB and BD f hence it is the diameter of 
curvature to the curve at A. 

84. For an example of a law according to which in 
Case 3, the directions of the subtenses may be determined, we 
may suppose that they always pass through a point given in 
position, at a finite distance from A ; or, that they always touch 
a given curve, but it must be observed that the case in which 
they touch a curve, which has the same tangent AD at A, is 
excluded, since in this case the angles Z)', d' do not remain 
finite, a property required in the name subtense. 
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85. Cor. 2. If the sagitta EF bisect AB in E and be 
produced to the tangent in G, in fig. page 89, 

FG : BD :: -4JE* : ^.B 2 ultimately, 

and BD : <?jE 

.-. FG : OE 

.-. FE~FG ultimately, 

.-. FE : BD :: 1:4 ultimately, 

and the sagitta of an arc which bisects the chord varies as 
the subtense at the extremity of the arc parallel to the sagitta. 

86. Cor. 3. The parabola mentioned in this corollary 
is a parabola of curvature at that point ; and, since DB may 
be taken in any given direction, the proposition 

BD : bd :: AD" : Ad 2 
remaining, therefore the line through A drawn in that direction 
is the corresponding diameter of the parabola of curvature. 

Hence, the axis of the parabola may be taken in any direc- 
tion. 

If the subtenses be perpendicular to the tangent, the 
parabola of curvature is the parabola whose curvature at the 
vertex determines the curvature of the curve, and the axis is 
perpendicular to the tangent, and if 4>AU (fig. page 116) be the 
third proportional to the arc and subtense, the limiting posi- 
tion of U is the focus of the parabola. 

By means of this corollary, the proposition alluded to under 
Lemma IX. Art. 43, is established ; viz. that the proportion of 
the areas which takes place of the duplicate ratio, obtained in 
that Lemma, is the triplicate ratio of the same lines, when 
instead of a finite angle made with the tangent, the cutting line 
coincides with the tangent. 

nrwt. 1 
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87. In order to shew the danger of falling into an error 
by a careless employment of the propositions proved in the 
first section, the following fallacious proof may be noticed of 
the proposition, that if BT be a tangent to a curve BC of 
finite curvature at the point B, and BTbe taken equal to BC 
and CT joined, CT\a ultimately parallel to the normal at B. 




For, joining BC, BT : CB is ultimately a ratio of equality by 
Lemma VII ; therefore CBT being an isosceles triangle ulti- 
mately, CT is perpendicular to the line bisecting the angle 
CBT, and therefore to the tangent BT, since B T and BC ulti- 
mately coincide. 

Lemma VII only allows us to assert that BT and BC 
differ by a quantity Tt which vanishes compared with either 
of them, therefore does not distinguish between CT and Ct. 
Now by Lemma XI, CT « BC, 

and 27 may ocBC 1 ; 

.*. Tt :CT may be a finite ratio, or CT ultimately inclined at 
any finite angle to BT, at least as far as the reasoning given 
is concerned. 

88. If BT be a tangent at B, AB, BC, equal chords of 
a curve of finite curvature, drawn from B, and AB be pro- 
duced to c, making Bc = AB, and Cc be joined meeting BT 
in T, Cc w ultimately = 2 CT, when the arcs AB, CB are 
diminished indefinitely* 

For, if AU be drawn parallel to CT, 

CT : AU :: AB> : BC* ultimately, 
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.\ Cr« A tf ultimately, 

.\ AC is ultimately parallel to BT 9 and Ac « 2AB; 

.\ cC** 2 CT ultimately. 

89. Scholium. Let AB 9 AC be two curves, having a 
common tangent AD At A, and let subtenses JOB, DC of the 




angles of contact be drawn from D at any point in the tangent 
in the same direction, and let BD « AD", CD « AD* in the 
curves AB, AC respectively. 

Draw dbc a common ordinate from a fixed point d, parallel 
to DBC. 

Then AD m : Ad a :: BD : bd, 
AD* : Ad* :: CD : cd, 
and if m be greater than w, ■= n + r suppose, 



bd.AD r ; 



and since b, c, d are fixed, and AD vanishes in the limit, there- 
fore CD is infinitely greater than BD, and since the angle of 
contact, BAD, CAD are ultimately proportional to CD, BD, 
it follows that, if in two curves the subtenses vary according 
to different powers of the arcs or tangents, the angle of contact 
of that curve in which the index of the power is the least is 
infinitely greater than the angle of contact of the other. 

12 
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Illustrations. 



1. To construct for the axis and focus of the parabola of 
curvature for any direction of the parallel subtenses. 




Let AB be the curve of finite curvature, BD, bd subtenses, AE 
parallel to them. 

Draw A U perpendicular to AD, and AS making angle UAS=*UAE, 
and since AE\& a diameter of the parabola, AS is in the direction of 
the focus. 

and if 4tAS be a third proportional to BD and AD; 
.-. AD*=*4>AS.BD, 
and since A D" : Ad* :: BD : bd ultimately; 
.*. the limiting position of S is the focus of the parabola. 

2. To find the locus of S when BD is inclined at different 
angles to AD. 

Let BC be perpendicular to AD y and A U be chosen so that 
4>AU : AC :: AC : BC, 
the limiting position of U is the focus of the parabola whose curvature 
at the vertex is the same as that of the curve at A, 

and AD : 4 AS :: BD : AD ultimately : 
,\, since AD » AC ultimately, 
AU : AS :: BD : BC, 
andz SAU=t DBC 9 
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join SU, •*. the triangles SA U 9 DBC are similar, 
and i ASU= i BCD « a right angle ; 
.*. the locus of S is a circle on A £7 as diameter. 

3. ABO (fig. Art. 87.) is an arc of finite curvature, and 
is divided so that AB : AC :: m : n f a constant ratio. 

Join AB, AC, BC, and shew that, ultimately, 

A ABC : segment ABC :: 3 : ( \/™+ V-Y. 

For by Cor. 5. Lemma XI. 

segiLS : tsegABC :: -45 s : AB& 
:: wi* : (m + rt)* 
Beg BC : aeg ABC :: »* : (m + ») 8 ; 
.•* seg AB + seg 5(7 : segABC :: w^ + w* : (m + ») a , 
and aABC= seg .4 J3C - seg AB - seg 5(7; 

.\ ±ABC : segABC :: 3 («■» + win") : (*» + n) 8 

• • Q • ^ * 
.. O . * 

mn 



(\/! + \/£)'- 



IX. 



1. Shew that the directrices of all parabolas touching a 
curve of finite curvature at any given point, and having the 
same curvature at that point as the curve, pass through a fixed 
point 

2. Determine the parabola in magnitude and position for 
a point in the circle, when the subtenses are inclined at 45° to 
the tangent. 

3. Find the focus of the parabola of curvature which 
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touches a cycloid at its vertex, and the locus of the foci of all 
parabolas which have the same tangent and curvature at that 
point. 

4. If AEB be the chord, AD the tangent, and BD the 
subtense, for an arc ACB of finite curvature at A, find the limit 
of the area ACBE : area ACBD as B approaches A. 

5. If from a point A, equal arcs AB, AC be measured 
and BC be joined, shew that BC is ultimately parallel to the 
tangent at A. 

6. Apply the property that every curve of finite curva- 
ture is ultimately a parabola, to shew that two tangents drawn 
from a point to the extremities of a small arc are ultimately 
equal, when the arc is diminished indefinitely. 

7. In a segment of an arc of finite curvature a pentagon 
is inscribed one side of which is the chord of the arc, and the 
remaining sides equal. Shew that the limiting ratio of the 
areas of the pentagon and segment, when the chord moves up 
towards the tangent at one extremity is 15 : 16. 

8. APQ is a curve of continued and finite curvature, P 
and Q are two points in it, whose abscissae along the normal 
at A are always in the ratio m : 1, and from B, C two points 
in the normal, straight lines BPb, CPc, BQb', CQc' are drawn 
to meet the tangent at A. Shew that when P and Q move up 
to A, the areas of the triangles bPc, b'Qc' are ultimately in the 
ratio mi : l. 




SECTION II. 
Centripetal Forces. 

Prop. I. Theorem I. 

When a body revolves in an orbit, subject to the action of forces 
tending to a fixed pointy the areas, which it describes by 
radii drawn to the fixed center of force, are in one fixed 
plane, and are proportional to the time of describing them. 

Let the time be divided into equal parts, and in the first 
interval let the body describe the straight line AB with 




uniform velocity, being acted on by no force. In the 
second interval it would, if no force acted, proceed to 
c in AB produced, describing Be equal to AB : so that 
the equal areas ASB, BSc described by radii AS, BS f 
cS drawn to the center S, would be completed in equal 
intervals. 
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But, when the body arrives at B, let a centripetal force 
tending to S act upon it by a single instantaneous 
impulse, and cause the body to deviate from the di- 
rection Be and to proceed in the direction BC. 

Let cC be drawn parallel to BS, meeting BC, then, at the 
end of the second interval, the body will be found at 
C, in the same plane with the triangle ASB, in which 
Be and cC are drawn. Join SC; and the. triangle SBC, 
between parallels SB, Ce will be equal to the triangle 
SBc, and therefore also to the triangle SAB. 

In like manner, if the centripetal force act upon the body 
successively at C, D, E, &c. causing the body to describe 
in the successive intervals of time the straight lines 
CD, DE, EF, &c. these will all lie in the same plane ; 
and the triangle SCD will be equal to the triangle SBC, 
and SDE to SCD, and SEF to SDE. 

Therefore equal areas are described in the same fixed plane 
in equal intervals ; and, componendo, the sums of any 
number of areas SADS, SAFS, are to each other as the 
times of describing them. 

Let now the number of these triangles be increased, and 
their breadth diminished indefinitely; then their peri- 
meter ADF will be ultimately a curve line; and the 
instantaneous forces will become ultimately a centri- 
petal force, by the action of which the body is con- 
tinually deflected from the tangent to this curve, and 
which will act continuously ; and the areas SADS, SAFS, 
being always proportional to the times of describing 
them, will be so in this case. q.e.d. 

Cor. l. The velocity of a body attracted towards a fixed 
center in a non-resisting medium, is reciprocally propor- 
tional to the perpendicular dropped from that center 
upon the tangent to the orbit. 
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For the velocity at the points A, B, C, D, E are as the 
bases AB, BC, CD, DE, EF of equal triangles, and since 
the triangles are equal these bases are reciprocally pro- 
portional to the perpendiculars from S let fall upon them. 
[And the same is true in the limit, in which case the 
bases are in the direction of tangents to the curvilinear 
limit, therefore the velocity, &c] 

Cor. 2. If on chords AB, BC of two arcs described in 
equal successive times in a non-resisting medium by the 
same body the parallelogram ABCV be completed, and 
the diagonal BV of this parallelogram be produced in 
both directions in that position which it assumes ulti- 
mately when those arcs are diminished indefinitely, it 
will pass through the center of force. 

Cor. 3. If on JB, BC and on DE, EF chords of arcs 
described in a non-resisting medium in equal times, the 
parallelograms ABCV, JDEFZbe completed; the forces 
at B and E are to one another in the ultimate ratio of 
the diagonals BV, EZ, when the arcs are indefinitely 
diminished. 

For the motions of the body represented by BC, EF in 
the polygon, are compounded of the motions repre- 
sented by Be, BV and Ef, EZ\ and those represented 
by BV, EZ which are equal to Cc, Ff in the de- 
monstration of the proposition were generated by the 
impulses of the centripetal force at B and E and are thus 
proportional to those impulses. [And the same is true 
in the limit, in which case the ultimate ratio of the 
impulses at any two points is the ratio of the continuous 
forces at those points.] 

Cor. 4. The forces by which any bodies moving in non- 
resisting media are deflected from rectilinear motion 
into curved orbits, are to one another as those sagitto 
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of arcs described in equal times, which converge to the 
center of force and bisect the chords, when those arcs 
are indefinitely diminished. 

For the diagonals of the parallelograms JBCV, DEFZ 
bisect each other, and these sagittae are halves of the 
diagonals BV, EZ when the arcs are indefinitely di- 
minished. [And the same is true whether JBCV and 
DEFZ be parts of the same or of different orbits if the 
arcs be described in equal times.] 

Cor. 5. And therefore the same forces are to the force of 
gravity as those sagittae are to vertical sagittae of the pa- 
rabolic arcs which projectiles describe in the same time. 

Cor. 6. All the same conclusions obtain, by the Second 
Law of Motion, when the planes, in which the bodies 
move together with the centers of force which are 
situated in those planes, are not at rest, but are moving 
uniformly and parallel to themselves. 



The statement of the proposition in the original Latin is, 
( Areas, quas corpora in gyros acta radiis ad immobile 
centrum virium ductis describunt, et in planis immo- 
bilibus consistere, et esse temporibus proportionales." 



90. It should be carefully observed, that, before proceeding 
to the limit, it is proved that any polygonal areas SJDS, 
SAFS, are proportional to the times of description of their 
perimeters ; so that ultimately these areas become finite curvi- 
linear areas, described in finite times. 

91. In proceeding to the ultimate state of the hypothesis, it 
is concluded readily from Lemmas II, and III, that the curvi- 
linear areas are the limits of the polygons; but a greater 
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difficulty arises in the transition from the discontinuous motion 
under the action of instantaneous impulsive forces to the con- 
tinuous motion under the action of a continuous force tending to 
S. For, in the curvilinear path of the body which is the limit 
of the perimeter of the polygon, the direction of the motion at 
the angular points of the polygon is different, and also the de- 
flection from the direction of motion is twice as great in the poly- 
gon as it is in the curve. Although we may assume that the 
curvilinear limit of the perimeter of the polygon may be de- 
scribed under the action of some force, is that force the same 
which is the limit of the series of impulses ? 

The centripetal force supposed to act with a simple in- 
stantaneous impulse, " impulso unico et magno," is supposed to 
generate a finite velocity at once, winch effect a finite force can- 
not produce. 

If instead of this imaginary impulse we suppose the force 
finite, but very great, and acting for a very short time, the 
effect upon the figure would be to round off the angular points of 
the polygon. 

The transition from the impulses to the continuous force, in 
the ultimate form of th0 hypothesis, must be considered as 
axiomatic, like the ultimate equality of the ratio of the finite arc 
to the perimeter of the inscribed polygon. 

92. We can, however, shew that if the curvilinear limit of 
the polygon be described under the action of some continuous 
force tending to S, the effect of this force estimated by the quan- 
tity of motion generated in the interval between the impulses, is 
ultimately the same as that generated by the impulse. 

Consider first the geometrical properties of the limit of the 
polygonal perimeter. 

Let BT, CU be tangents at B, C, to the curvilinear limit, 
and let Cc intersect BT in T, (fig. page 119.) 

Now, since Cc ultimately vanishes compared with Be, BC 
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and Be or AB are ultimately in a ratio of equality, and Cc is 
ultimately bisected by BT (Art 38); also, CU = BU= UT, 
ultimately. (Art. 82). 

Consider next, the effects produced by the different kinds of 
force which act in the two cases. 

In the polygonal path, the impulsive force at B generates a 

Telocity with which the body describes Cc in the time t, in 

which AB or BC is described, the measure of the effect of the 

Cc 
force is therefore the Telocity — . 

t 

In the curvilinear path the deflection from the direction BT 
at B in the same time t is TC by the continuous action of finite 
forces, if we suppose the force ultimately uniform in magni- 
tude and direction the measure of the accelerating effect of 

2TC 
the force is — ~, an d the Telocity generated in that time is 

2TC Cc 

-f- tm T.' 

Hence the effects of the finite and impulsive forces measured 
by the quantity of motion produced are the same. 

93. To shew that a continuous force, which generates the 
same quantity of motion as the impulse at B in the time from B 
to C, would cause the body on arriving at C to move in the di- 
rection of the tangent to the curvilinear limit of the perimeter. 

The velocity due to the action of the finite force at the end 

2TC 

of time t being ultimately in the direction TC and that 

BT 2TU 

in the direction BT being — = ; therefore TC, UT re- 

V t 

present the velocities in those directions; therefore UC is the 
direction of motion at C; or the body moves in the direction of 
the tangent at C. 
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94. Cor. 1. The corollary may be proved directly from 
the proposition, for the proportionality of the areas to the times 
of describing them is true if the force suddenly cease to act, in 
which case the body proceeds in the direction of the tangent. 

Let V be the velocity at the point A, 
ASB the curvilinear areas described in 
any time T, AT '- V. T the space de- 
scribed if the force cease to act. 

Join ST and draw SY perpendicular 
to AT, 

then area ASB = triangle SAT 

-jF.rx sr, 

and area ASB « T; 

l 

Also, if h be twice the area described in the unit of time 
employed in estimating the accelerating effect of the force tend- 
ing to S, and the velocity V of the body, 
2. area SAB = hT; 
/. A- V.SY. 

By the use of this area the proportions employed by Newton 
may be converted into equations, for the convenience of calcu- 
lation. 

If bodies move in curves for which the areas, described in 
the same time, are not equal 

95. Cor. 5. The object of this corollary is to determine 
the numerical measure of the central force which governs the 
motion of a body, when the circumstances of the motion are 
known : for it supplies us with the ratio of this force to the force 
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of gravity at any place, the measure of which is determined 
by experiment. 

Application of the Proposition. 

96. Prop. When the force instead of tending to a fixed 
point, acts in parallel lines, the property of the motion enunciated 
in the proposition may be replaced by the property that the 
resolved part of the space described perpendicular to the direc- 
tion of the force is proportional to the times. 

This is immediately deducible from the second law of motion, since 

there is no force in the direction per- 
pendicular to that of the forces, and 
the velocity in that direction is uni- 
form. 

That this is the result of the pro- 
perties in the proposition may be 
shewn by removing the center of 
force to an infinite distance. 

If & be the center of force, AMN 
perpendicular to SB, the area ABCS 
is proportional to the time of de- 
scribing A C 9 and the area AMNS 
& and A BCS are ultimately equal when 

S is removed to an infinite distance in BMS 9 ,\ the triangle ASN 
is proportional to the time and the base AN is so also, which since 
CN is ultimately perpendicular to AN is the proposition required. 

97. Prop. If a body describe a curvilinear orbit about a 
force tending constantly to a fixed point, the area described in a 
given time will be unaltered, if the force be suddenly increased 
or diminished, or if the body be acted on at any moment by an 
impulsive force tending to that point. 

For, if in the polygon the impulse at any point B be increased or 
diminished by any force tending to or from S, the only effect is to re- 
move the vertex C of the triangle SBC to some other point in the line 
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cC parallel to BS, and the area will be unaltered, and the argument 
which establishes the equality of polygonal areas in a given time pro- 
ceeds as before. 

In the limit the curvilinear areas in a given time are unaltered. 

If at B the new force introduced be impulsive, the angle ABC 
remains less than two right angles when we proceed to the limit, and 
the parts of the curve cut one another at a finite angle. 

Hence, in any calculation the value of h (Art. 94), is the same 
before and after the change of the force. 

Illustrations. 

1. If a body describe an ellipse under the action of a force 
tending to one of the foci, the square of the velocity varies in- 
versely as the distance from that focus, and directly as the dis- 
tance from the other. 

The square of the velocity « — - f as HZ*, 

and HZ : SY :: HP : SP; 
.\ HZ.SY : SY* :: HP : SP 9 

and HZ.SY-BC; .-. SY' «^, 

HP 

and the (velocity)" « — r , 

2. The velocity is greatest when the body is at the ex- 
tremity of the major axis which is nearest to the focus to which 
the force tends, and least at the other extremity. 

SY being the greatest in the first and least in the second position, 

3. The velocity is a geometric mean between the greatest 
and least velocities at the extremities of the minor axis. 

For at this point HZ « BC 9 and at the extremities of the major 
axis the values of HZ are SA and Sa, 

and BC'mSA.Sj. 
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4. In the equiangular spiral described under the action of 
a force tending to the focus, the velocity « ■— . 

For, SY oc SP. 

5. If the force tends to the center of the elliptic orbit 
described by a body, the time between the extremities of conju- 
gate diameters is constant. 

For the area PCD is constant. 

X. 

1. If different bodies be projected with the same velocity 
from a given point, all being attracted by forces tending to one 
fixed point, shew that the areas described by the lines drawn 
from the fixed points to the bodies are proportional to the sines 
of the angles of projection. 

2. When a body describes a curvilinear orbit under the 
action of a force tending to a fixed point, will the direction of 
motion or the curvature of the orbit at any point be changed if 
the force at the point receive a finite change ? 

8. If an ellipse be described under the action of a force 
tending to the center, find at what points the velocity is the 
greatest and least. 

4. Shew that in the case of 3, the velocity varies directly 
as the diameter conjugate to that which passes through the body. 

5. Shew that the sum of the squares of the velocities at 
the extremities of conjugate diameters is constant. 

6. If the velocity at any point can be equal to the difference 
of the greatest and least velocities the major axis must be less 
than double of the minor. 

7. If a body describe an ellipse under the action of a cen- 
tral force tending to one of the foci, shew that the sum of the 
velocities at the extremities of the two latera recta varies in- 
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verselj as the diameters parallel to the direction of motion at 
those points. 

8. In a parabolic orbit described round a ford! tending to 
the focus, the velocity varies inversely as the normal at any 
point. 

9* In the orbit of 8, shew that the sum of the squares of 
the velocities at the extremities of a focal chord is constant. 

10. In an ellipse described round a force tending to the 
focus, compare the intervals of time between the extremities of 
the same latus rectum when AC = 2CS. 

11. In the case of 10, the time of moving from the 

nearest focal distance to the extremity of the minor axis is m 

times that from the extremity of the minor axis to the greatest 

focal distance ; find the eccentricity, and shew that, if there be 

a small error in m, the corresponding error in the eccentricity 

1 

varies as - . 

(1 + my 

12. The velocity in a cardioid described about a force 
tending to the pole varies in the inverse sesquiplicate ratio of 
the distance. 

id. The velocity in the Lemniscate varies inversely as the 
cube of the central distance, when a particle moves in the curve 
round a force tending to the center. 

14. A body describes a parabola about the focus; if the 
segments PS, Sp of the focal chord PSp be in the ratio n : 1, 
prove that the time of describing pA : time of describing AP 

:: 3n + 1 : n 2 (n + 3). 

15. In motion in an ellipse round a force tending to the 
center, shew that the velocity at any point perpendicular to 
either focal distance is constant ; and the sum of the squares of 
the velocities at the extremities of any pair of semi-conjugate 
diameters resolved in any given direction is constant. 

NKWT. K 
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16. In the motion supposed in 15, having given any point P 
in the ellipse, determine geometrically the points Pi,^,^, &c... 
so that the time in Pp l9 p x p% % P*P*f •*• are each equal to 

-th of the periodic time. 
n 

Also shew that if the times in AP l9 P x P 29 P 2 P 39 P 8 R be 
equal, and v, v l9 v 2f v 99 v, be the velocities at A, P l9 P %9 P S9 B 
respectively, 

2 W + V3 2 + v 3 5 ) - S (v» + v'*). 

17. In the ellipse described about the focus S, ASH A' be- 
ing the major axis, time in AB : time in BA' :: ir + 2e : ir — 2e. 

18. Prove that in an equiangular spiral described by a 
body about a force in the focus the time in any arc varies as the 
difference of the squares of the focal distance of the extremities. 



Prop. II. Theorem II. 

Every body, which moves in any curve line described in a 
plane, and describes areas proportional to the times of de- 
scribing them about a point either fixed or moving uniformly 
in a straight line 9 by radii drawn to that point, is acted on 
by a centripetal force tending to the same point. 

Case 1. Let the time be divided into equal intervals, and, 
in the first interval, let the body describe AB with uni- 
form velocity, being acted on by no force; in the second 
interval it would, if no force acted, proceed to c in AB 
produced, describing Be equal to AB ; and the triangles 
ASB, BSc would be equal. But, when the body arrives 
at 5, let a force acting upon it by a single impulse, 
cause the body to describe BC in the second interval of 
time so that the triangle BSC is equal to the triangle 
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ASB, and therefore also to the triangle BSc ; .'. BSC 
and BSc are between the same parallels, /. BS is 
parallel to cC, .\ BS was the direction of the impulse 
at B. 

Similarly, if at C, D, ... the body be acted on by impulses 
causing it to move in the sides CD, DE, ...of a polygon, 
in the successive intervals, making the triangles CSD, 
DSE, ... equal to ASB and BSC, the impulses can be 
shewn to have been in the directions CS, Z>£... Hence, 
if any polygonal areas be described proportional to the 
times of describing them, the impulses all tend to S. 

The same is true if the number of intervals be increased 
and their length diminished indefinitely, in which case 
the series of impulses approximates to a continuous 
force tending to S, and the polygons to curvilinear areas, 
as their limits. Hence the proposition is true for a 
fixed center. 

Case 2. The proposition will also be true, if S be a point 
which moves uniformly in* a straight line, for, by the 
second law of motion, the relative motion will be the same, 
whether we suppose the plane to be at rest, or that it 
moves together with the body which revolves and the 
point S, uniformly in one direction. 

Cor. l. In non-resisting media, if the areas are not pro- 
portional to the times, the forces do not tend to the 
point to which the radii are drawn, but deviate in conse- 
quentia, i. e. in that direction towards which the motion 
takes place, if the description of areas is accelerated ; 
but if it be retarded the deviation is in antecedentid. 

Cor. 2. And also in resisting media, if the description of 
areas is accelerated, the directions of the forces deviate 
from the point to which the radii are drawn in that 
direction towards which the motion takes place. 

k2 
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SCHOLIUM. 



body may be acted on by a centripetal force com- 
pounded of several forces. In this case, the meaning of 
the proposition is, that that force, which is the resultant 
of all, tends to S. Moreover, if any force act con- 
tinually in a line perpendicular to the plane of the areas 
described, this force will cause the body to deviate from 
the plane of its motion, but will neither increase nor 
diminish the amount of area described, and therefore 
must be neglected in the composition of the forces. 



98. The description of an area round a point in motion 
may be explained as follows. 

A. 




S <r &' 

Let SSf be the line in which S moves uniformly and let the 
body move from A to B in the same time as S moves from S 
to y , P, <r simultaneous positions of the body and S. 

If PP be drawn equal and parallel to aS, and the same 
construction be made for every point in the path of the body, 
the curve AFB 9 which is the locus of 7 y , is the orbit which 
the body would appear to describe to an observer at 8, who re- 
fers all the motion to the body. 

This is clear, since SF is equal and parallel to <rP, and the 
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distance of the body and the direction in which it is seen is the 
same in the two cases. 

If Q Q' be corresponding points near P and F % and the 
force at a be supposed to act impulsively, the relative motion 
round a will be unaltered if we apply equal velocities in the 
same direction to P and <r, so that a is reduced to rest, aa and 
PQ are described in the same time, take therefore Qq equal and 
parallel to cr'cr, the resulting motion of P is then Pq by the 
second law of motion, which is equal and parallel to P*Q' ; 
therefore PQ! represents the relative motion of the body round 
S at rest. 

99. Cor. 1. Reverting to the polygonal area, if the tri- 
IT 




angle SBC be greater than the triangle SAB, the impulse at B 
is not in the direction BS but BU, parallel to cC, or if the 
areas are not proportional to the times but are in an increasing 
ratio, the direction of the force deviates towards the direction in 
which the description of areas is accelerated: and vice versd 
when the description is retarded. 

100. Cor. 2. The effect of a resisting medium is to re- 
tard the motion, or, supposing it to act by impulses, we must 
conceive an impulse at B in the case of the polygon in the 
direction BA; if therefore the description of areas be accelerated, 
the impulse applied at B in the direction BU' acts still further 
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in consequentid, so that this impulse with the impulse correspond* 
ing to the resistance of the medium may produce a resultant 
impulse in the direction of BU. 

The effect of the resistance alone is to retard the description 
of areas. 

If the force act in consequentid, the resistance of this force 
and the resistance of the medium may act in the direction BS, 
and the proportionality of the areas to the time be preserved. 

Prop. III. Theorem III. 

Every body, which describes areas proportional to the times 
of describing them by radii drawn to the center of another 
body which is moving in any manner whatever, is acted on 
by a force compounded of a centripetal force tending to that 
other body, and of the whole accelerating force which acts 
upon that other body. 

Let the first body be L, the second T, T moves under the 

action of some force P, L under the action of another 

force F. At every instant 

apply to both bodies the 

force P in the contrary 

direction to that in which 

it acts, as represented by 

the dotted arrows. 
L will continue to describe 

about T, as before, areas proportional to the times of 

describing them, and since there is now no force acting 

on T, T is at rest or moves uniformly in a straight line. 
Therefore, (by Theor. 2) the resultant of the force F and 

the force P applied to L tends to T. 
Hence F is compounded of a centripetal force tending to 

T, and of a force equal to that which acts on L. q.b.d. 
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Cor. l. Hence if a body L describes areas proportional 
to the times of describing them by radii drawn to another 
body T; and from the whole force, which acts upon L 9 
whether a single force or compounded of several forces, 
be taken away the whole accelerating force which acts 
upon the other body T\ the whole remaining force, 
which acts upon L, will tend to the other body T as a 
center. 

Cor. 2. And, if these areas are very nearly proportional 
to the times of describing them, the remaining force will 
tend to the other body very nearly. 

Cor. S. And conversely, if the remaining force tends very 
nearly to the other body T 9 the areas will be very nearly 
proportional to the times. 

Cor. 4. If the body L describes areas which are very far 
from being proportional to the times of describing them, 
by radii drawn to another body T; and that other body 
T is at rest, or moves uniformly in a straight line : then, 
either there is no centripetal force tending to that other 
body T, or such centripetal force is compounded with 
the action of other very powerful forces, and the whole 
force, compounded of all the forces, if there be many, 
is directed towards some other center fixed or moving. 

The same holds, when the other body moves in any manner 
whatever ; if the centripetal force spoken of be under- 
stood to be that which remains after taking away the 
whole force acting upon the other body T. 

SCHOLIUM. 

Since the equable description of areas is a guide to the 
center to which that force tends, by which a body is 
principally acted on, and by which it is deflected from 
rectilinear motion, and retained in its orbit ; we may in 
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what follows employ the equable description of areas as 
a guide to the center, about which all curvilinear motion 
in free space takes place. 

101. As an illustration of the last propositions and their 
corollaries, we may examine some of the circumstances of the 
motion of the Moon, Earth, and Sun. 

Suppose the Moon's orbit relative to the Earth to be nearly 
circular, and let A BCD be this orbit, E the Earth. 

D 




1. The areas described by the radii drawn from the Moon 
to the Earth are nearly proportional to the times of describing ; 
hence the resultant force on the Moon tends nearly to E. 

2, If ES the line joining the centers of the Earth and Sun 
meets the Moon's relative orbit in A, C, and DEB be perpen- 
dicular to ES, the description of areas is accelerated as the 
Moon moves from D to A and from B to C, and retarded from 
A to B and from C to D ; hence the direction of the resultant 
force on the Moon in the positions M l9 J/ 2 , M 3 , Jf 4 , is in the 
directions of the arrows slightly inclined to the radii drawn to E. 

From these observed facts, we see that when the force, under 
the action of which E moves, is applied to the Moon in the con- 
trary direction, the remaining force tends in the directions of the 
arrows. 

By the supposition that the Earth and Moon are acted on 
by forces tending to the Sun, whose distance compared with 
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EM is very great, and that the differences of the forces on these 
bodies are not very great, the circumstances of the description 
of areas in the motion of the Moon are accounted for. 

Prop. IV. Theorem IV, 

The centripetal forces of bodies, which describe different circles 
with uniform velocity, tend to the centers of the circles, and 
are to each other as the squares of areas described in the 
same time, divided by the radii of the circles. 

The bodies move uniformly, therefore the arcs described 
are proportional to the times of describing them ; and 
the sectors of circles are proportional to the arcs on 
which they stand, therefore the areas described by radii 
drawn to the centers are proportional to the times of 
describing them ; hence, by Prop, n, the forces tend to 
the centers of the circles. 

Again, let AB, ab be small arcs described in equal times, 





AD, ad tangents at A, a, ACSG, acsg diameters through 
A, a. Join AB, ab, and draw BC, be perpendicular to 
AG, ag. 
By similar triangles, AC : AB :: AB : AG, 
.: AC. AG- (chord AB) 9 ; 
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(chord JB)* (chord ab? 
AG ag 

But ultimately when the arcs AB, ab are indefinitely dimi- 
nished, since AC, ac are sagittae of the double of arcs 
AB, ab, and are therefore, by Prop. i. Cor. 4, ultimately 
as the forces at A and a ; 

,\ ultimately, force at A : force at a 

^ (chord AB) 2 # (chord ab) 2 

" AG : ^ 

(arc -4J9) 2 (arc ab) 2 _ ,. 

:: - — — — : , by Lemma vn. 

AG ag 

Take Jf-E ae two arcs described in any equal finite times, 
••. AE : 0€ :: -45 : ab since the bodies move uniformly, 
and this is also true in the limit ; 

.\ torce at ^ : force at a :: — — : — • 

AS as 

Q.E.D. 

Cor. l. Since these arcs are proportional to the velocities 
of the bodies, the centripetal forces will be in the ratio 
compounded of the duplicate ratio of the velocities di- 
rectly, and the simple ratio of the radii inversely. 

That is, if V, v be the velocity, R, r the radii in two 
circles, .F,/the centripetal forces, 
AE : ae :: V : v ; 

..*./.. R . r . 

Cor. 2. And since the circumferences of the circles are 
described in their periodic times, the velocities are in the 
ratio compounded of the ratio of the radii directly and 
the ratio of the periodic times inversely; hence the 
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centripetal forces are in the ratio compounded of the 
ratio of the radii directly, and of the ratio of the periodic 
times inversely. 

If P,p be the periodic times in the two circles respectively, 
2irR SLirr R r 

y ' v - p - p " p- P ' 

„ * & r 
• • * • / •• p* • pii • 

Cor. 3. Hence, if the periodic times be equal, and there- 
fore the velocities proportional to the radii, the centri- 
petal forces will be as the radii ; and conversely. 
If P = />, V : v :: R : r; 

V 2 «>* 
.\ F i f :: — : — :: R : r. 
Jti r 

Cor. 4. Also if the periodic times are in the subduplicate 
ratio of the radii, the centripetal forces are equal. 
For, P 2 : p* :: R : r. 

Cor. 5. If the periodic times are as the radii, and there- 
fore the velocities equal, the centripetal forces are 
reciprocally as the radii, and conversely. 

Cor. 6. If the periodic times are in the sesquiplicate ratio 
of the radii, and therefore the velocities reciprocally in 
the subduplicate ratio of the radii, the centripetal forces 
are reciprocally as the squares of the radii ; and con- 
versely. 
That is, if i* : p* :: R> : r 8 ; 

.\ F* : t^ :: — : — :: r : R; 

• J? • ^ •• — . • •• r* • R* 

• • JL' • / .. • — .. I • JL,m • 

R r 
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Cor. 7. And, generally, if the periodic times vary as any 
power B* of the radius jB, and, therefore, the velocity 
vary inversely as the power iP" 1 ; the centripetal force 
will vary inversely as R* n ~ x ; and conversely. 

Cor. 8. All the same proportions can be proved concern- 
ing the times, velocities, and forces, by which bodies 
describe similar parts of any figures whatever which are 
similar and have centers of force similarly situated, if the 
demonstrations be applied to those cases, uniform de- 
scription of areas being substituted for uniform velocity, 
and distances of the bodies from the centers of force for 
radii of the circles. 

Let AE, ae be similar arcs of similar curves described by 
bodies about forces tending to similarly situated points 
S, 8 ; AB, ab small arcs described in equal times T, BD, 




T 

bd subtenses parallel to SA, sa, AV, av chords of curva- 
ture at A 9 a, so that by similar figures we have 

AV : av :: AS : as. 

Then force at A : force at a :: DB : db, ultimately, 

AB* ab* AB* ab* lx . x f 
:: -tj? : — :: -Err : — , ultimately; 
AV av SA sa 

and if V, v be the velocities at A, a, since AB, ab are de- 
scribed in equal times, 

AB : ab :: V : t>, ultimately ; 
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.\ force at A : force at a :: -— ; : — , 

SA sa 

corresponding to Cor. i. 

Again, if AB, ab be small similar arcs described in times 
T, t, instead of being arcs described in equal times, and 
P, p be the times of describing similar finite arcs 
AE, ae, 

T i P :: area ASB : area ASE 

:: area asb : area ase :: t : p\ 
.-. T : t :: P : p\ 

and this being true always is true when AB 9 ab are in- 
definitely diminished. 

^ ^ BD bd lx . x . 
Hence, Fiji: -= i — , ultimately, 

2: p? : p 9 

corresponding to Cor. 2. 

Cor. 9. It follows also from the same proposition, that the 
arc, which a body moving with uniform velocity in a 
circle under the action of a given centripetal force 
describes in any time, is a mean proportional between 
the diameter of the circle, and the space through which 
the body would fall from rest under the action of the 
same force and in the same time. 

For let AL be the space described from rest in the same 
time as the arc AE, then since if BD be perpendicular 
to the tangent at A, BD is ultimately the space de- 
scribed by the body by the action of the force in the 
time in which the body describes the arc AB, and the 
times are proportional to the arcs : 
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.\ AL : BD :: AE* : AB*; 

.\ AL.AG : BD.AG :: AE* : AB*; 

.\ since BD .AG = (chord ^5)* _ (arc AB)\ ultimately ; 

AL.AG = AE* l or AL : AE :: AE : ^G. 

Q. E. D. 
SCHOLIUM. 

The case of the sixth Corollary holds for the heavenly 
bodies, and on that account the motion of bodies acted 
upon by a centripetal force, which decreases in the du- 
plicate ratio of the distance from the center of force, is 
treated of more fully in the following section. 

Moreover, by the aid of the preceding proposition and its 
corollaries, the proportion of a centripetal force to any 
known force, such as gravity, can be obtained. For, if 
a body revolve in a circle concentric with the earth by 
the action of its own gravity, this gravity is its centri- 
petal force. 

But from the falling of heavy bodies by Cor. 9, both the 
time of one revolution and the arcs described in any 
given time are determined. 

And by propositions of this kind Huygens in his excellent 
tract, De Horohgio Oscillatorio, compared the force of 
gravity with the centrifugal force of revolving bodies. 

The preceding results may be proved in this manner. In 
any circle let a regular polygon be supposed to be de- 
scribed of any number of sides. And if a body moving 
with a given velocity along the sides of the polygon be 
reflected by the circle at each of its angular points, the 
force with which it impinges on the circle at each of 
the reflections, will be proportional to the velocity ; and 
therefore the sum of the forces, in a given time, will 
vary as the velocity and the number of the reflections 
conjointly. But if the number of sides of the polygon 
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be given, the velocity varies as the space described in a 
given time, and the number of reflections in a given 
time varies, in different circles, inversely as the radii of 
the circles, and, in the same circle, directly as the velo- 
city. Hence, the sum of the forces exerted in a given 
time varies as the space described in that time increased 
or diminished in the ratio of that space to the radius of 
the circle ; that is, as the square of that space divided 
by the radius, and therefore, if the number of sides be 
diminished indefinitely so that the polygon coincides 
with the circle, the sum of the forces varies as the 
squares of the arc described in the given time divided 
by the radius. 
This is the centrifugal force by which the body presses 
against the circle, and to this the opposite force is 
equal, by which the circle continually repels the body 
towards the center. 



Symbolical representation of Areas, Lines, fyc. 

102. In the statement of the proposition the words 

" arcuum quadrata applicata ad radios " in the text of Newton, is 

rendered the squares of arcs divided by the radii. Such expres- 

AB 2 
sions as — — may be regarded as representations of lines, (e. g. 

this expression denotes AC,) whose lengths are determined by 
such constructions as the following : 

To AG apply a rectangle whose area is that of the square on 
AB, and let AC be the side adjacent to AG; AC is thus 
obtained by applying the square on AB to AG. The propriety 

AB 2 

of the symbol -— employed to represent a line AC, assumed 

from algebra, is obvious, since the number of units of area 
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in the square on AB and in the rectangle whose sides are 

AG, AC are the same, hence if m 9 n, r be the number of units 

« 

of length in these lines m 2 = n x r, and r = 



n 

AB 9 

103. If symbols of this kind, viz. — — -, be used in the 

AG 

same manner as a fraction, we may either treat them numerically, 
considering AB* to represent the number of units of area con- 
tained in the square on AB, and AG as the number of units of 
length in A G, and thus apply the rules of Arithmetical Algebra ; 
or, we may look upon AB* as the absolute representation of an 

AB* 

area, and AG as that of a line, in which case -— - has no mean- 

AG 

ing except by interpretation. In this interpretation we are 

guided by the principles upon which Symbolical Algebra is applied 

to any science, the laws of operation by symbols being the same 

in Arithmetical and Symbolical Algebra, and the symbols being 

interpreted so that these laws are not contradicted. Thus, in the 

application to Geometry, the symbol A being supposed to denote 

an area equal to that of a rectangle whose sides are represented 

by a and 6, we assume that A = a . b ; hence, the laws being the 

A 

same in Arithmetical and Symbolical Algebra, — = 6; whence the 

interpretation, if a rectangle be applied to a, whose area is A, 

A 

— denotes the other side of the rectangle. 

a 

Notes. 

104. Cor. 1. This corollary asserts that the centripetal 

V* 

force at any point in the circle varies as — , but it is further 

true that, if F be the measure of the accelerating effect of the 
force, F.R= V % , or that, if a body move from rest under the 
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action of a constant force whose accelerating effect is the same as 
that of the centripetal force, the velocity generated in passing 
through a space equal to half the radius of the circle is equal to the 
velocity with which the circle is uniformly described. 

For, referring to the figure used in the proposition, DB is 
the space through which the body is deflected from the tangent 
in the time T in which AB is described with the velocity V; 
and this is ultimately the space through which the body would 
be drawn from rest in the time T by the force at A continued 
constant in direction and magnitude ; 

FT* 

.\ DB = , ultimately, 

2 

and AB = V.T; 

.-. DB.AG = V*.T 2 ; 

2 

105. Scholium. In uniform circular motion the centripetal 
force is employed in counteracting the tendency of the body to 
move in a straight line, which it would do, according to the first 
law of motion, with the uniform velocity which it has at any 
point of the circle, if the centripetal force were suddenly to cease 
to act. This tendency to recede is improperly called a centri- 
fugal force ; for the effect of a force being to accelerate or 
retard the motion of a body, or to alter its direction, if the ten- 
dency could properly be termed a force and the centripetal force 
which counteracts it were removed, it would accelerate or retard 
the motion of the body, or alter its direction, which it does not. 

106. In this case of circular motion the force is exerted not 
in accelerating or retarding the motion, but in changing its di- 
rection. 

Thus, referring to the figure of Prop, i., if the direction of 
the impulse at B bisect the angle ABC, the triangle CBc is 

NEWT. L 
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isosceles, and BC - 2?c « AB : therefore, the velocities In BC 
and AB are equal, the effect of the impulse has been therefore 
to change the direction without altering the velocity of the 
body. 

Hence, the regular polygon inscribed in a circle center S, 
can be described with uniform velocity under the action of im- 
pulses tending to the center; and, by similar triangles SBC, CBc, 
Cc : BC :: BC : BS. 

And, if V be the uniform velocity in the polygon, T the time 
in a side BC, BC = V.T; 

■ v* T * 

''• CC ~~BS' 
If now the number of sides be indefinitely increased, Cc is ulti- 
mately twice the space through which the body is drawn from 
the tangent by the continuous force ; 

2Cc V s 
.\ -— m — is the measure of the accelerating effect of the 

centripetal force. 

Illustrations of Circular Motion. 

1. In order to illustrate the action of a central force, we 
will suppose a small body attached by an inelastic string to a 
point on a smooth horizontal table. 

If the body be set in motion by a blow perpendicular to the string, 
the string will remain constantly stretched, and the only force which 
acts on the body in the horizontal plane being in the direction of the 
fixed point, the areas described round this point are proportional to the 
time, and the body moves in a circle with uniform velocity. 
If v be the velocity of projection, 

/ the length of the string, 

v* 
the accelerating effect of the tension of the string is -j ; 
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v* 
i. e. y is the velocity which would be generated from rest by the action 

of this tension continued uniformly, and the tension of the string 

v* 

: weight of the body :: y : g. 

Ex. If a velocity of two feet a second be communicated perpen- 
dicular to a string whose length is a yard, 

tf : Ig :: 4 : 3 x 32 :: 1 : 24, 

and the tension resulting is — th of the weight, 

2wZ 6ir" 22" 

the time of revolution is evidently seconds = -^— = 3 x — -, nearly, 

66" 
- — = 9".43, nearly. 

2. If instead of being on a smooth table, the body moves 
on a rough table without rolling, the forces which act upon it will 
be the tension of the string in the direction of the point of attach- 
ment, and a force which is proportional to the weight of the 
body « fj. x weight, acting in the direction opposite to the motion, 
or in the tangent to the circular path. 

Let v be the velocity at the time t in seconds, 
I the length of the string in feet. 
In a short time r the Telocity being supposed to change from v to t>', 

v 9 v" 
the accelerating effect of the tension is between -j and -y, and when 

t is taken indefinitely small, these are equal, .*. y is the accelerating 

effect of the tension at the time t. 

The change of the velocity is due to the friction whose retarding 
effect is measured by vg ; 

.*., if V be the velocity of projection, 

V 

and the body is reduced to rest in a time — seconds, after describing 

an arc = - — feet. 

L2 
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The tension « ( t) 

oc (time) 9 from the instant of coming to rest. 

3. Supposing that the Moon describes a circle with uni- 
form velocity about the center of the Earth as its center, to find 
the ratio of the centripetal force exerted on the Moon to gravity 
at the Earth's surface. 

Let n = number of seconds in the Moon's periodic time, R = the 
radius of the Moon's orbit in feet ; 

.'. - = velocity of the Moon, 

n 

and -~ . ( ~~~) = measure of the accelerating effect of the force exerted 

on the Moon, and the measure of the same for gravity at the Earth's 
surface = 32.2 = g ; 

.*. force on the Moon : force of gravity at the Earth's surface 

4**R 



XL 

1. If the sixth power of the Telocity in circles be inversely 
proportional to the square of the periodic time, shew that the law 
of force varies inversely as the square of the radii. 

2. Given the Earth's radius, the force of gravity at the 
Earth's surface, and the periodic time of the Moon, supposed to 
describe a circular orbit about the Earth, find her distance from 
the Earth's center. 

S. Compare the areas described in the same time by the 
planets supposed to move in circular orbits about the Sun in the 
center exerting a force which <x (dist.)" 2 . 

4. A particle moves uniformly in a horizontal circle by a 
string, one yard long, fastened to the center of a circle, and 
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makes three revolutions in a second. Compare the tension of 
the string with the weight of the particle, the measure of gravity 
being 32.2. 

5. If the force by which particles describe circles with uni- 
form velocity varies as the distance, shew that the times of revo- 
lution are the same for all. 

6. If the velocity of the Earth's motion were so altered 
that bodies had no weight at the equator, find approximately 
the alteration in the length of a day, assuming that the centri- 
petal force at the equator is to its gravity :: 1 : 288. 

7* A body moves in a circular groove under a force to the 
center, and the pressure on the groove is double the given force 
on the body to the center, find the velocity of the body. 

8. If F be the measure of the acceleration of a force which 
tends to a given center, and a body be projected from a point at 
a distance R from the center at right angles to this distance with 
velocity V, and V s « F.R, shew that the body will describe a 
circle. 

9* If a locomotive be passing a curve at the rate of twenty- 
four miles an hour, and the radius of the curve be -]-£ of a mile, the 
resistance of the forces which retain it on the line, viz. the action 
of the rails on the flanges of the wheels, and the horizontal part 
of the forces which act perpendicular to the inclined road-way, 
being R, shew that R « yj^ of weight of the locomotive nearly. 

10. If a body be attached by an extensible string to a fixed 
point in a smooth horizontal table, to find the velocity with which 
the body must move in order to keep the string constantly stretched 
to double its length. 

If W be the weight which if suspended at the extremity of the 
string would just double its length, P the weight of the body, I the length 
of the string, shew that the square of the required velocity 

-8fr-y. 
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NEWTON. 
Prop. V. Problem L 



Having given the velocity with which a body is moving at any 
three points of a given orbit, described by it under the action 
of f wees tending to a common center, to find that center. 

Let the three straight lines PT, TQV, VR, touch the given 
orbit in the points P, Q 9 R respectively ; and let them 
meet in T and V. 




X P Jf T 

Draw PA, QB, RC perpendicular to the tangents and in- 
versely proportional to the velocities of the body at the 
points P, Q> jR, i.e. such that 

PA : QB :: vel y . at Q : vel y . at P, 
QB : QC :: vel y . at R : vel y . at Q. 

Through J, B, C draw AD, DBE, CE at right angles to 
PA, QB, RC meeting in D and E. Join TD, VE ; TD 
and VE produced if necessary shall meet in S the re- 
quired center of force. 

For, the perpendiculars SX> SY, let fall from S on the tan- 
gents PT, QTV, are inversely proportional to the velo- 
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cities at P, Q, (Prop. i. Cor. l) and are therefore directly 
as the perpendiculars AP 9 BQ, or as the perpendiculars 
DM, DN on the tangents. Join XY, MN, and since 
SX : SY :: DM : DN and the angles XSY, MDN are 
equal ; therefore, the triangles SXY, DMN are similar ; 
.-. SX : DM :: XY : MN 9 
:: XT : MT, 

and the angles SXT, DMT are right angles; therefore, 
S, D, T are in the same straight line. 

Similarly S, E, V are in the same straight ine, and there- 
fore, the center S is in the point of intersection of 

TD 9 VE. Q.B.D. 

xir. 

1. If AB, BC 9 CD the three sides of a rectangle be the 
directions of the motion of a body at three points of a central 
orbit, and the velocities are proportional to these sides respec- 
tively, prove that the center of force is in the intersection of the 
diagonals of the rectangle. 

2. If the velocities at three points of a central orbit be 
respectively proportional to the opposite sides of the triangle of 
which they are the angular points, the center of force is the 
center of gravity of the triangle. 

Prop. VI. Theorem Y. 
If a body revolve about a fixed center of force, in any orbit 
whatever, in a non-resisting medium, and if at the extremity 
of a very small arc, commencing from any point in the orbit, 
a subtense of the angle of contact at that point be drawn 
parallel to the radius from that point to the center of force, 
then the force at that point tending to the center is ulti- 
mately as the subtense directly and the square of the time of 
describing the arc inversely* 
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Let PQ be the small arc, PS the radius drawn from P to 
S, the center of force. RQ the 
subtense of the angle of contact at 
P parallel to PS. T the time of 
describing PQ. F the accelerating 
effect of the force at P. 

Then, when the body leaves P it would, 
if not acted on by the central force, 
move in the direction PR, and if the 
force F continued constant in mag- 
nitude and direction throughout the 
time T, QR is ultimately the space 
through which it would have been 
drawn by F in that time ; 




2QR 



— , ultimately. 



Cor. I. Draw Q T perpendicular to SP. 

2/t 2 QR 
Then * F =sp*' -qf2 ' ultimately, 

where h - twice the area described in an unit of time. 
For area PSQ = \hT, (Prop, i.), 
and since triangle PSQ = ±SP.QT; 
and area PSQ = triangle PSQ, ultimately, (Lemma 

VIII.) ; 

.-. hT= SP.QT, ultimately ; 
QR 2h*.QR 

Cor. 2. Draw ST perpendicular on PR. 



F - 2 ^ - sf\qt* > ultimatel y • 



Then F-^.Jg, ultimately. 
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For triangle PSQ - triangle PSR - £ SY. PR; 

.-. hT-SY.PR = SY. PQ 9 ultimately ; 

_, Q QR 2A* QR .. . . 
•"• Fss 2 fi " 5^ -^Qi' ultimately. 

Cor. 3. If the orbit have finite curvature at P, and PF be 

the chord of the circle of curvature whose direction 

passes through S, 

PV. QR - PQ\ ultimately ; 

2A* 

.% F « . 

SY\PV 

Cor. 4. If V be the velocity at P, then (Prop. i. Cor. l, 
Art. 94), 

K *r * • 4 f 

or the velocity at any point of a central orbit at which 
the curvature is finite, is that which would be acquired 
by a body moving from rest under the action of the 
central force at that point continued constant, after 
passing through a space equal to a quarter of the chord 
of curvature at that point drawn in direction of the 
center of force. 

Cor. 5. Hence, if the form of any curve be given, and 
the position of any point S, towards which a centripetal 
force is continually directed, the law of the centripetal 
force can be found, by which a body will be deflected 
from its direction of motion, so as to remain in the curve. 
Examples of this investigation will be given in the follow- 
ing problems. 

Observations on the Proposition. 
107. In Newton's enunciation of the proposition the sagitta 
of the arc, which bisects the chord and is drawn in the direction 
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of the center of force, is employed instead of the subtense used 
in the text, but it is easily seen that these are ultimately propor- 
tional, by reference to Art. 85. 

The variations by which Newton expresses the results of the 
corollaries, are replaced by equations, in order to facilitate the 
comparison of the motion of bodies in different orbits and the 
forces acting upon them. 

108. The figure employed in proof of the proposition is 
drawn upon supposition that the force is attractive, the orbit 
being concave to the center of force; the same proof applies also 
to the case of a repulsive force, if the curve be drawn in the 
direction of the dotted line PQ' and the same construction 
be made. 

The exception however should be made that the method fails 
in the particular positions in which the body is at the points of 
contact of tangents drawn from the center of force to the curve ; 
in such cases QR does not ultimately meet the tangent at a finite 
angle or is not a subtense, the result of the proposition is there- 
fore not demonstrated for these particular positions ; for a further 
description of the case see the note Art. 120, on the next propo- 
sition. 

109. In the proof it is assumed that the body moves ulti- 
mately in the same manner as if the force P remained constant 
in magnitude and direction, in which case the body would de- 
scribe a parabola whose axis is parallel to PS, and which is 
evidently the parabola which has at P the same curvature as 
the curve. 

110. Hence the proposition contained in Cor. 4, can be 
more easily proved. 

For, since the body moves in a parabola under the action of 
a constant force in parallel lines, the velocity at P is that ac- 
quired by falling from the directrix under the action of the force 
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at P> continued constant, i.e. through a space equal to the dis- 
tance of the focus of the parabola, which is equal to £ of the. 
chord of curvature. 

111. The supposition that the force at P continued constant 
in magnitude and direction, causes the body to move in a curve 
which is ultimately coincident with the path of the body, may be 
justified by considering that if PQ* be the arc of the parabola 
described on this supposition in the same time as the arc PQ 
actually described, the error Q'Q is due to the change in the 
magnitude of the forces and the direction of their action in the 
two cases ; and the greatest difference of magnitude varies as the 
difference of SP and SQ ultimately, and the ratio of the error 
from this cause to Q'B vanishes ultimately ; also, since Z PSQ 
vanishes ultimately, the ratio of the error arising from the change 
of direction to Q'B vanishes ; therefore, Q'Q : Q'R vanishes, or 
the curves may be considered ultimately coincident. 

112. It is evident that the results of the Proposition and of 
the fourth corollary are true of the resultant of any force under 
the action of which any plane orbit is described, for this resultant 
may be supposed ultimately constant in direction and magnitude, 
in which case the curve described is a parabola: and the velo- 
city at P is that acquired by falling from the directrix whose 
distance is £ of the chord of curvature in direction of that re- 
sultant force. 

Hence, in this case also, 

PV QR 

V* = 2F. 1L, and F= 2 limit ^. 

Homogeneity. 

113. Cor. 1, 2. In the expressions for F in these corolla- 
ries, it is of great importance to observe the dimensions of the 
symbols. 
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h, being an area, is of two dimensions ; 
.'. h* . QR is of five, and SP* . QT* of four dimensions; 
2h*.QR . 
SP 2 QT* W ° ne dimension ' 

and represents the line equal to twice the space through which a 
force would draw a body in an unit of time, or the space which 
represents the velocity generated by the force in an unit of time, 
either of which may be taken as the measure of the accelerating 
effect of the force. 

Hence, if the actual areas, lines, &c. be represented by the 
symbols, and not the number of units, as mentioned in Art. 103, 
every term of an equation or of a sum or difference must be ho- 
mogeneous or of the same number of dimensions ; for example, 
the addition of an area and a line can have no interpretation. 

Tangential and Normal Forces. 

114. To find the accelerating effect of the components of 
the forces under the action of which a body describes any plane 
curve, in the directions of the normal and tangent at any 
point 

Let PQ be a small arc of the curve described under the 
action of any forces, F, G the measures of the accelerating effect 
of these forces in the direction of the tangent and perpendicular 
to it. Then, if V be the velocity at P, T the time of describ- 
ing PQ, the forces may be supposed ultimately to remain the 
same in magnitude and direction, and if QR be perpendicular to 
PR, we have ultimately 

PR = V. T + %F. T\ mdQR~%G. T*, 

and the ratio of F. T* : V . T vanishes ultimately ; 

PR? 2V 2 
.-.—=—, ultimately; 
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PR* 

and if jR be the radius of curvature at P, — — « 9.R ultimately ; 

(acJtC 

F* 

Also if PU= V. T be measured in PR, UR is the space 
described under the action of the tangential component ulti- 
mately ; 

_ 2UR 2(PR-V.T) u . ,, 
•'• ^-"yT -— f*~ L > ultimately, 

2(PQ-F.T) u . ,, 
y* L » ultimately. 

Also, if V' be the velocity at Q since the velocity is ulti- 
mately the component of the velocities whose squares are 

V 2 + 2F. PR parallel to PR and 26? . QR in QR ; 

.-. r s * T* + 2/\ PjR + 2G . QjR, ultimately, 

and QR : PR vanishes ultimately ; 

•'• F ~ *PQ ' dtimat0l y- 

Again, PQ - F. 7 1 « £ (F + F') Z 7 , ultimately ; 

V -V 
.\ P= — =— , ultimately. 

115. To find the velocity at any paint of an orbit de- 
scribed under tlie action of any forces in one plane. 

Let AB be any arc of an orbit, F, v the velocities at A and 
By and suppose the arc AB divided into a large number of small 
portions of which PQ is one, v r v r+l velocities at P and Q, JFthe 
accelerating effect of the tangential component of the forces at P, 
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and v* - P f is obtained by taking the limit of the sum of the 
magnitudes 2jF . PQ corresponding to the different arcs when 
their number is indefinitely increased. 

That this is rigidly correct may be shewn by considering 
2F.PQ is ultimately a ratio of equality ; there- 
fore, by Lemma IV, Art. 23, the limiting ratio of the sums is 
also a ratio of equality. 



that« r+1 * — v r * 



Radial and Transverse Forces, 

116. To find tlie accelerating effect of the components of 
forces under the action of which a body describes any plane 
curve, in the direction of a line passing through a fixed point, 
and perpendicular to it 

Let PQ be a small arc described in the time T, P f Q the 
measure of the accelerating effect of the 
components in PS, and PU perpendicular to 
PS; PR a tangent at P, QRU, PU parallel 
and perpendicular to SP. V the velocity 
at P, PT= V. T f TN perpendicular to SP f 
Qq the arc of a circle, center S. 

Since the forces may be considered ulti- 
mately constant in magnitude and direction, 

\P. T* = Nn = Nq + ~- 9 ultimately. 

Let h « 2 x area which would be described in an unit of 
time by radii from S if the transverse force at P ceased to act, 

Qn.SP = TN. SP - hT 9 ultimately, 

and if P be the measure of the accelerating effect of a force 
under the action of which the body would move in PS so that 
its distance from S would be always equal to that of the body 
in PQ at the same time, ^ P\ T* « Nq, 
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Qn* h*T* 

_, A* 

;'• + si*' 

Again, %Q.T*=Qn-TN, 

and if at Q ti corresponds to A, h' - h the increase of A is 
due to the increase of velocity in direction PU, which is equal to 

*{PU- TN) 
T 

... A' - A » 2 (P ^ ~ Tiy) £P, ultimately ; 

■"' Qaa ^p7y' ultimatel y- 



Angular Velocity. 

117. Def. Angular velocity about a fixed point is uniform, 
when equal angles are described in equal times by radii drawn 
to the fixed point. 

Uniform angular velocity is measured by the angle de- 
scribed in an unit of time. 

Variable angular velocity is measured by the angle which 
would be described by a radius in an unit of time, if moving with 
uniform angular velocity equal to the angular velocity at the 
time under consideration ; this is the limit of the angle described 
in a time T divided by 7, when T is indefinitely diminished ; 
for, let PSQ be the angle described about 8 in a time T 9 
then, since this may be ultimately supposed to be described 
uniformly with the angular velocity at P, 

.*. the angular velocity at P x T = I PSQ, ultimately. 
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118. To find the angular velocity in a central orbit. 

Let PQ be a small arc described in the time T, draw QT 
perpendicular to SP, and let h « twice the area described in an 
unit of time. 

hT = twice the area PSQ « QT . SP ultimately, and the 
angles being supposed estimated in circular measure, 

QT 

— - = angle PSQ, ultimately ; 

.\ hT~SP.SQx angle PSQ, ultimately ; 

i -x i. -x * a^gfe PS Q 
.\ angular velocity « limit of — E — — 

h 
" SP*' 

119. To find the angular velocity of&Y. 
Let P V be the chord of curvature through S. 

The angle described by SY in the time T 
= angle between the tangents at P and Q 

9.QT 

- 2 angle PFO - ^r ultimately, 

and z P£Q = -«« ultimately, 

.'. angular vel. of SY : angular veL of SP :: -Jy= : —qq ultimately 
= 2«P : PV; 

.-. angular vel. of S Y = p V sp • 

Illustrations. 
1. Find the force under the action of which a body may 
describe the equiangular spiral uniformly. 

The velocity being constant there is only a normal force measured 

by (vel.)' -7- radius of curvature = — ==— 9 
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2. Find the force tending to the pole of the cardioid, under 
the action of which the curve is described. 
, 1V h* h'.BC 



SP* 



py=^sp; 



3h*. BC 
the accelerating effect of the force is 9 frpi < 



1 
SP*' 



3. Two rings P, Q slide on a string which passes round 
two fixed pegs A, B in a smooth horizontal plane ; the rings are 
brought together, and then projected with equal velocities, so as. 
to keep the string stretched : shew that the tension of the string 
varies inversely as thq distance AP. 

Let the figure represent the position of the strings at any time. 

Let CR bisect AB and PQ, and let BE be parallel to CR so that 
EP = PA, then EPR = AP + PR is constant ; 

J> A. C C JB 




.\ P moves in a parabola whose focus is A, directrix BE, 
and the tensions of the string in PA, PQ being equal and equally 
inclined to the tangent to P*s path, the resultant of these tensions, 
which are the only forces acting in the plane of the curve, is in the 
normal, and if T be the measure of the accelerating effect of the tension, 
PG the normal, R the radius of curvature, 



2 T cos APG* 



R 



and 2 R cos APG = chord of curvature through A 
= 4PA, 

NEWT. 
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since V is constant. 



1 *PA nj 



1_ 
PJ> 



4. A body is suspended by a string to a fixed point, and 
being drawn out of the vertical is projected horizontally so as to 
describe a horizontal circle with uniform Telocity. Find the 
Telocity and tension. 

Let A be the point of suspension, BC the radius of the circle 
described; .*• the circle being described 
uniformly, the resultant force on the body 
tends to the center 2?, and the measure of 
the accelerating effect of the resultant 
force is 

V 



W 



in direction CB. 



Let T, W be the tension of the string, 
and the weight of the body acting in CA 
and parallel to AB; 

V 
•' m BC :g :: CB : AB; 




V % 






and if CD be perpendicular to AC, BC*=AB . BD ; 
.: the Telocity is that due to the space \ BD, 
and T : W :: CA : AB. 

5. A body revolves in a smooth circular tube under the 
action of a force tending to any point in the circumference, and 
varying as the distance from that point. Find the pressure on 
the tube and the point where there is no pressure, the motion 
commencing from a given point. 

Take A the center of force, C that of the circle, B the point of 
starting, PQ a small arc, BD, PM QN ordiuates, Am, Qn perpen- 
dicular on CP, ft PA the measure of the accelerating effect of the 
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force, .*• fi.mAi fi . Pm are those of the 
tangential and normal forces, 

» p . PM and p. AM respectively, 
(vel.)* at Q - (vel.) 8 at P = 2/u . PM . PQ 
« 2 /a.CP. MY, ultimately, 
whence (vel.) 8 at P = 2/aCP.DM, 
(vel.)' at P 



and 



CP 



*p.AM± accelerating 




effect of the pressure on the tube ; 
•'. pressure on the tube has for the 
measure of its accelerating effect 

M (2DM ~ AM) = M (2 AD ~ SAM) ; 
.*. the pressure is outwards from B until AM = %AD, at which point 
there is no pressure, and inwards from that point to the corresponding 
one on the opposite side, having its greatest value at A, and the 
outward pressure at B is half the inward pressure at A, 

6. To find the tension of a string, by which a body is 
attached to the center of a vertical circle in which it revolves. 

Let P be the position of the body at any time, u the velocity at A 
the lowest point, CP the radius of the circle, 

(jeL.yatP = u*-2g.AM, * 

and the accelerating effect of the tension of the string is measured by 
tf-2g.AM g.CM 
CA + CP ; 
.*. the tension of the string : weight of the body 
:: v?-2g.CA + 8g.CM : g.CA. 
Cor. 1. In order that the complete circle may be described, since 
the string must be stretched at the highest point where — CA must be 
written for CM, «"= or > 5g,CA, and if the circle be just described 
the tension at the lowest point ■= 6 1 weight. 

Cor. 2. If the body oscillates the extent of the oscillation is given 
by the consideration that at the extremity of the arc of oscillation 

u'=2g.AM, 
and AM is less than AC, otherwise the string would not be stretched 

MS 
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.*. in this case the tension of the string at A 

2AM + AC . , x , A , . . 
= -jfi x weight of the body. 

7. If in a smooth elliptic tube a particle be placed at any 
point and be acted on by two forces which tend to the foci, and 
vary inversely as the square of the distances from those points, to 
shew that the pressure at any point varies inversely as the 
radius of curvature. 

Let be the point of starting, PQ a small arc described by the 
body, 




QT y QU perpendiculars on SP 9 HP; -~^ , Wp*> ^ tne measures 

of the accelerating effects of the forces, and the pressure of tube. Then, 
employing the usual letters for the lines of the figure, the accelerating 
effect of the tangential component of force to S is 

m PT p(SP-SQ) m m ,.. fl 

SP a 'PQ-~SP.SQ.PQ-PQ.SQ~PQ.SP> mtUDBX *V> 

.-. (vel.)'at Q-(veL)«atP = |j-|j-.(|^-^Q(Art. 115); 



if p be the radius of curvature at P, 
SP.H P 

AG AG '' 



ac PF vrr C& 
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, ff n _ p. HP p'.SP 2 M ' V 2m 2,/ 
•*" p ~ AC.SP + AC.HP SP HP + SO+1W 

~SO*HO~AC AC" SO + HO ; 

P 
XIII. 

1. Two equal bodies lie on a rough horizontal table, and are 
connected by a string, which passes through a fine ring on the 
table ; if the string be stretched, find the greatest velocity with 
which one of the bodies can be projected in a direction perpen- 
dicular to its portion of the string without moving the other 
body. 

2. If a body be attached to a point by a thread, and be 
projected so as to describe a vertical circle, prove that if T u T % 
be the tensions of the string at two points in any diameter, the 
arithmetic mean between T lf T z is independent of the position 
of the diameter and that T % ~ T x is six times the component of 
the weight in the direction of the diameter. 

3. A string of given length I is capable of sustaining a 
weight W. One end of it being fixed and a given weight 
W' (< W) being attached to the other end, it revolves with a 
given angular velocity on a smooth horizontal plane through the 
fixed point. Find the greatest tangential impulse that may be 
applied to W without breaking the string. 

4. In the case of Problem 3, if W f oscillate in a vertical 
plane, find the greatest arc through which the body can oscillate 
without breaking the string. 

5. A body slides down a smooth cycloidal arc, whose axis is 
vertical, find the pressure at any point of the cycloid, and shew 
that if it fall from the highest point, the pressure at the lowest 
point is twice the weight of the body. 
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6. A particle moves in a circular tube, under the action of 
a force which tends to a point in the tube, and whose accelerat- 
ing effect varies as the distance, shew that, if the particle begins 
to move from a point at a distance from the center of force 
equal to the radius, there is no pressure on the tube at an 
angular distance from the center of force equal to cos' 1 f- . 

7. A ring slides on a string hanging over two pegs in the 
same horizontal line, find the tension of the string at the lowest 
point if the ring begin to fall from the point in the horizontal 
line through the pegs, the string being stretched. 

8. In a central orbit, shew that the centripetal force is to 
the force which would cause it to approach directly with its 
paracentric velocity in the orbit, as 2&P 3 : 2SP 3 - SY* . PV. 

9. A curve is described by a body under the action of a 

central force the measure of whose accelerating effect is -— , 

prove that the angular velocity of the perpendicular on the tan* 
gent : that of the radius vector :: p : V*. 

10. Determine the force under the action of which an equi- 
angular spiral may be described with uniform velocity. 

11. A body describes a complete circle about a fixed point 
C to which it is attached by a thread, and is at the same time 
attracted to a fixed center S of force « (disk)" 8 in the plane of 
the circle, find the least possible velocity of projection from the 
point where the circle meets CS or CS produced. 

If 8 bisect a radius, shew that this velocity : velocity when 
S is at C :: 28 : 9. 

12. A particle moves in a smooth elliptic groove, under the 
action of two forces tending to the foci and varying inversely as 
the squares of the distances, being equal at equal distances. 
Prove that, if the velocity at the extremity of the axis major be 
to that at the extremity of the axis minor as AC to BO, then the 
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velocity at any point varies inversely as the normal : and find the 
pressure on the tube. 

Prop. VII. Problem II. 
A body moves in the circumference of a circle, to find the 
law of the centripetal force tending to any given point in the 
plane of the circle. 

Let APV be the circumference of the circle, S the given 
point to which the cen- 
tripetal force tends, PV 
the chord of the circle 
drawn through S from 
P the position of the 
body at any time. 

Let SY be drawn perpen- 
dicular to the tangent 
PY at P. 

By Prop. vi. Cor. 3, if F 
be the measure of the 
accelerating effect of the 
centripetal force, 

" sy*.pv 

and since the angles SPY, VAP are equal and also the 
right angles PYS, APV, the triangles SPY, VAP are 
similar; 

.\ SY ; SP :: PV : VA; 
2h\ VA 9 
■"" * SP'.PV* 1 
.\ F varies inversely as SP*. PV*, 
since h and VA are given. 
Cor. l. Hence, if the given point S to which the centri- 
petal force tends, be situated on the circumference of 
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the circle, V coincides with S, and F varies inversely 
asSI*. 

Cob, 9. The force, under the action of which a body P 
revolves in a circle APTV, is to the force, under the 
action of which the same body P can revolve in the same 
circle in the same periodic time about any other center 
of force R, as RP 2 . SP to SG*, SG being a straight line 
drawn from the first center S parallel to the distance 
RP of the body from the second center of force R, to 
meet PG, a tangent to the circle. 

For, by the construction of this proposition, since the 
periodic times are the same, the areas described in a 
given time are the same ; therefore, h is the same for 
both centers, hence, if 
PRT be the chord 
through R, the force 
tending to S : force tend- 
ing to R 

::RP*.PT*: SP 2 .PV*; 
but, by similar triangles 
TPV, GSP, 
PT : PV :: SP : SG; 

.*. force tending to S 
:: RPt.SF" : 
:: RP*.SP: 




: force tending to R 
SP*.SG* 
SG*. 



Cor. S. The force under the action of which a body P 
revolves in any orbit about a center of force S, is to the 
force under the action of which the same body P can 
revolve in the same orbit in the same periodic time 
about any other center of force Jff, as .RP 2 . SP to SG $ , 
SG being the straight line drawn from the first center 
of force S, parallel to RP the distance of P from the 
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second center of force R, to meet SG the tangent to 
the orbit. 
For, in each case, the body may be supposed for a short 
time to be moving in the circle of curvature, and the 
forces are the same as those which would retain the 
body in the circular orbit ; therefore, since the areas 
described in a given time are equal, the ratio of the 
forces is RP*. SP : SGP. 



Repulsive Forces. 



120. In the figure employed in the proposition, the force 
is supposed to be attractive, 
but the law of force is also 
given by the proposition, for 
the case in which the center 
of force S is exterior to the 
circle, in which case the force 
is repulsive through the arc 
BC, which is convex to the 
center of force, and contained 
between the tangents from S. 

It is important, however, 
to observe that this problem 
is to find what would be the 
law of force tending to S, under the action of which a body 
would be moving, supposing that it could move in a circle under 
the action of such a force, but it does not assert the possibility 
of such a motion. 

In fact, the complete description of a circle ABC under the 
sole action of a central force tending to an external point S is im- 
possible, because, as the body approaches the point B, the com- 
ponent of the velocity perpendicular to SB remains finite however 
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near the body approaches B, and since there is no foroe to 
generate a velocity in the opposite direction, the body must pro- 
ceed to describe an arc B U on the opposite side. SB would be 
a tangent to both curves, because the velocity in direction BS 
becomes larger than any finite quantity, as the body approaches 
By and therefore the angle between BS and the direction of 
motion is indefinitely small at B. 

That a finite velocity in the direction perpendicular to SB could 
remain up to 2?, may be shewn by producing SB to T in the tangent 
P Y at P : then the component of the velocity at P perpendicular to 
JSBia 

JL §L A -A 
8VST SZ ST~SB 9 

when the body arrives near B. 

121. The force at a point indefinitely near to B cannot be 
properly determined by the method of Prop, vi., because the 
lines parallel to the direction of the force from which the mea- 
sures of the force are obtained are not subtense, or sagitta, being 
not inclined in this case at a finite angle to the tangent. * 

But it can be seen in another manner from the polygon of 
Prop. i. that the force is infinitely great 
when the distance from B becomes in- 
finitely small. 

Thus, if CDEF be a portion of the 
polygon whose limit touches the radius 
from S between D and E, the angle 
between DE and DS or E8 may be 
made as small as we please, hence the 
velocity generated by the impulse in the 
directions DS and SE becomes infinitely 
great compared with the velocities in CD 
and EF. 

In the figure the impulses at D and 
£ are in the direction of the forces which 
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are their limits, being supposed attractive and repulsive respec- 
tively. 

122. If a circle be described by a body under the action 
of forces tending to a point in the circumference, the force varies 
inversely as the fifth power of the distance from that point, at 
all points at a finite distance from S. 

For, in this case, 

PF= SP, and SY : SP :: SP : SA; /'> 

2A» gff SP" 2h*SJ* i.V ,-^: 

f ' SY*.PV~ SF*SY*~ SP* 

We may also observe here that the possibility of a description of 
a circle is not asserted, but only the law of force required in case of 
such a description. The body would pass to the other side of the 
tangent on arriving at S. 

Velocity in the Circular Orbit 

123. To find the velocity in the circular orbit described 
under the action of a force tending to any point in the plane 
of the orbit. 

Thevelo C1 tyatP----.~=-.- 

i 




SP.PV' 

Cor. If S be in the circumference of the circle, and -^^ 

be the measure of the accelerating effect of the force, 
p = 2h*SA*; 
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h. VA 



(I)' 



/. velocity at P = -^- . — , 
or, we may employ the result of Cor. 4, 

'" 2 Si*' 2 * 

Absolute Force. 

124. If the force upon a body placed at any distance 
from the point S varies inversely as the nth power of that 
distance, the magnitude of the force is determined, or its ratio 
to any given force as that of gravity, when the distance SP is 
given. The measure of the accelerating effect of the force is 

written — — where fi the constant part of this measure is an 
ox** 

algebraical symbol of n + 1 dimensions, ^— is the space which 

represents the velocity generated in a body in an unit of time 
by a constant force equal to the force acting on the body at P. 

If the unit of space « o, -^ is the measure of the accelerating 

effect of the force on a body at an unit of distance, and n is 
called the Absolute Force, being the measure of the accelerating 
effect of the force at an unit of distance x the nth power of that 
unit. The absolute force is not the measure of the accelerating 
effect of any force, unless the symbols be treated numerically, 
in which case /m is twice the number of units of space through 
which a force equal to that at an unit of distance would draw 
a body from rest in an unit of time. 
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Law of Force in a Circular Orbit. 

125. The law of force may be expressed in terms of the 
distances SP, for SD, Sd being the greatest and least distances 
of the body from S, 

SD.Sd~SP.SV; .\ SP.PV = SP* ± SD . Sd; 

2h*.AV*.SP 



F = 



(SP*±SD.Sd)* 
2h*.AS* 



SP 5 ' 

if Sd « 0, or S be on the circumference of the circle. 

If S be exterior to the circle, SD.Sd**8B*, and the 
lower sign is taken ; 

2h*AV*.SP 
~(SF*-SB*y 

Periodic Time. 

126. To find the periodic time in a circular orbit de- 
scribed under the action of a force tending to a point in the 
circumference. 

Let P be the periodic time, R the radius of the circle, ~ the 

7 SP S 
measure of the accelerating effect of the force at P, 

h . P = twice the area of the circle « 2 irlP 9 

and fi^ftVAS'^Bh'BF; 

127. To compare the periodic times in the same circle 
when described under the action of a force tending to a point 
in the circumference, and a force tending to the center of the 
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same magnitude as the force at a distance equal to the radius 
of the circle. 

Let P* be the periodic time, and V the uniform velocity in the 
circle in the second case, 

~ R s ' " R in 

and P>.F=2wR; .'. i* = i^; 
.-. P = 2 > /2.P / . 



Illustrations. 

1. When the force in a circular orbit tends to a point 
within the circle, to find the point at which the true angular 
velocity is equal to the mean angular velocity. 

The true angular velocity is measured by -^pi > the mean angular 

Sir 

velocity by -p , if P be the periodic time ; but h . P = 2 wR*; 

•\ at the required point ^755 =■ •& , and SP = #> 

or the point is in the perpendicular to the distance SC of S from the 
center of the circle, bisecting that distance. 

2. If the measures of the accelerating effect of the force 
at the greatest and least distances SD, Sd, of a body in its 
circular orbit from the point to which the force tends be the 
radius and twice the diameter respectively, the unit of time 
being a second, to find the number of seconds in passing from 
D to d. 

Q . Sh'R* _ A 8h'l? AJ> 

Since ^STS5 5=jK ' and ^^? =4 ^ ; 

.\ SD-2Sa\ m&Dd^SSd, 
and if T - the number of seconds from D to d, 



t 



PROP. VJI. PROBLEM II. 175 

k.TmwMF, and ^ = 4^; 
.-. A = 2-R.&*=|i**; 

. T s 

4 

XIV. 

1. Compare the forces by which a body attracted separately 
to two centers of force may describe the same eircle in different 
periodic times. 

2. If SB (fig, page 167,) be perpendicular to the diameter 
DSd, prove that the forces at D and d are as dB* : DB 4 . 

3. If ft be the absolute force in a circular orbit described 
under the action of a force tending to a point in the circum- 
ference, prove that the time in a quadrant commencing from 
the extremity of the diameter through the center of force is 



j** 



(it + 2) 'V • h *&*' woi' °f ti 1118 i* the result expressed ? 



F 3 

4. Prove that — is finite however near the body ap- 

F 

proaches B if the circular orbit be described about an external 
point. 

5. Prove that, if the law of force tending to S, a point 
without a circle, be the law of force under which part of the 
circle can be described, the body will move near B as if acted 
on by a force tending to B and varying inversely as the cube of 
the distance from B. 

Also give reasons for supposing that no force acts at B. 

6. OE is a radius perpendicular to the diameter through 
S in a circular orbit about a central force to S f SB an ordinate, 
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perpendicular to OS, shew that if the' force at B be an arithmetic 
mean between the forces at the greatest and least distances, 
OJB* -SB . SE*. 

7. Apply the proposition contained in Cor. 3, to prove that 
if in an elliptic orbit described under the action of a force tend- 
ing to the center, the force varies as the distance from the center, 
then the force tending to the focus varies inversely as the square 
of the focal distances. 

8. Deduce by Cor. 3, the law of force by which a parabola 
described under the action of a force tending to the focus, from 
the constant force parallel to the axis under the action of which 
the parabola may be described. 



Prop. VIII. Problem IEL 

A body moves in a semicircle PQA under the action of a, 
force tending to a point S so distant that the lines PS, Q8 
drawn from the body to that point may be considered 
parallel; to find the law of force. 

Let CA be a semidiameter of the semicircle drawn from 
the center perpendicular to 
the direction in which the 
force acts, cutting PS, QS 
in M and N, and join CP. 

Let PRZ be the tangent at 
P, ZQT perpendicular to 
PMS meeting PRZ in Z, 
and let SNQ meet PRZ in R. 

Then the force at P« ^P^yT 

ultimately, if the arc PQ be nascent from P, and SP 
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may be considered constant; also by Euclid in. 86> 
QR . (RN + QN) - RP\ and since QR is parallel to PT 
and the triangles PZT, CPM are similar, 

RP : QT :: PZ : ZT :: CP : PM; 

QT* QT 9 RP 2 PM 2 , nXT „„, 

%PM* 

- cp% > ultimately; 

QR 1 



force at P 



QT* PM 3 

A liter. 
In fig. Art. 119, draw OE a semidiameter perpendicular 
to SD 9 and let the distance SP cut the circle in F, and 
OE in M> then, by the preceding proposition, 

~ sp*7pv* 9 

and if S be very distant the ratio of PM : SM or SO 
vanishes ; therefore, SP » SO ultimately, and PV is 
ultimately perpendicular to OE and - 2PM ; 

A f JP 1 



/* = 



SO\PM* PM* 



SCHOLIUM. 

A body moves in an ellipse, hyperbola or parabola, under 
the action of a force tending to a point so situated and 
so distant that the lines drawn from the body to that 
point may be considered parallel and perpendicular to 
the major axis of the ellipse, the axis of the parabola or 
the transverse axis of the hyperbola. To shew that the 
force varies inversely as the cube of the ordinates. 

NEWT, N 
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Let AMG be the axis to which the 
direction of the forces may be con- 
sidered perpendicular, PM, PG the 
ordinate and normal, PO, PV the 
diameter and chord of curvature in 
direction PS. 

2h* 2ft» PG" 

SV*.PV~ SP'.PV PM* * 
since SV : SP :: PM : PG; 
PG % PGP 




PM\PV PAP.PO PM* 1 
since PO « PGP, see Art. 80. 



Observations on the Proposition, 



128. 



h* 



If S be removed to an infinite distance — - becomes 

SP" 



the ratio of two infinite quantities, but it can be shewn to be 
a finite area; for if u be the velocity perpendicular to the 
direction of the force, h.T being twice the area SPQ described 
in the time T in which PQ is described, and area SPQ = area 
SMN, ultimately, - %SC x u.T; 

/. h = SC.u; It, 

'"' SPt^SC?** ultimately, 



and Fi 



2W.QR * 

qjv ultimately, 



u*.CP * 
PM 3 



in the semicircle. 
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Externum of Scholium. 

129. When a body describes any curve under the action 
of a force tending to a point S so distant that the lines drawn 
from S to the body may be considered parallel, to find the law 
of force. 

Using the figure and construction for the Scholium, AMG 
being any line perpendicular to the direction of the force, 

2h 2 _ Zh % SI* Zh % P& 

SY*.PV~ SF*.PVSY*~ SP*.PV* PV* 

PO* PG* l 

oc fp a ^ , po : 

or, if u be the component of the velocity perpendicular to the 
direction of the force, 

2w* PG B 
" PO'PM*' 

Al 1 % * I> * SP PG 

Also velocity at P - — - u -gy mU -pM- 

Illustrations. 
1. In the cycloid, force acting parallel to the axis, 
2PG = PO, andPMocPG"; 
PGP 1 1 



Force < 



PM* PM* PO*' 



Velocity as^cc^gcc^. 

2. In the catenary, repulsive force parallel to the direction of 
gravity, AM being the directrix, 

PO = PGccPJ/*; ,\ FkPMocPO*. 

Also velocity cc PM. 

N2 
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' XV. 
. 1. If a cycloid be described under the action of a force 

v - ' acting in a direction parallel to the base, the force at any point 
varies inversely as AM.MQ; AM, MQ being abscissae and 
ordinates of the corresponding point of the generating circle. 

2. A catenary is described under the action .of a horizontal 
force, prove that the force varies as n + l, where n is a number 
which varies inversely as the subnormal, measured on the di- 
rectrix. 

Prop. IX. Problem IV. 
If a body revolves in an equiangular spiral, required the law 
of centripetal force tending to the pole of the spiral. 

Draw SY from S the pole of the spiral perpendicular to 
the tangent PY t and let PV be the chord of curvature 
at P, whose direction passes through S; then, since 
the angle SPY is constant, SY varies as SP, also PV 
varies as SP ; therefore the centripetal force varies in- 
versely as SY* . P V, and therefore inversely as SP 3 . 



Notes on the Proposition. 
130. To shew that P V « SP, and that the arcs subtending 
equal angles are similar. 
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Let PQ 9 pq be two arcs of an equiangular spiral which sub- 
tend equal angles at S, and let SU, Su be radii making equal 
angles with SP t Sp respectively, 

SU : SP :: Su : Sp; 
.\ PQ, pq are similar arcs. 

Also, if two circles be described having the same tangents 
PT, pt as the curve at P, p, and passing respectively through 
Q and q, and PSV, pSv, be chords of these circles, since 
the angles of their segments PQV, pqv, viz. QPT, qpt are 
equal, the segments are similar ; 

.\ PV : pv :: QP : qp :: SP : Sp; 

.*. PV a SP, and PV is ultimately the chord of curvature 
through S when the angle PSQ is diminished indefinitely. 

131. If F be the measure of the accelerating effect of the 
force tending to the pole of the equiangular spiral, z SPY «= a, 

2A 2 2^ A 2 fi 

m SY*PV " SP*am*a.2SP "* sin 8 a . SP 8 " SP* " 

132. To find the velocity in the equiangular spiral, force 
tending to the pole. 

aSP &p 

133. To /nd f fo time of describing any arc of the equi- 
angular spiral. 

Let AL be any arc &4, SL bounding radii, P the time of 

describing the arc. Then, as proved in page 30, 

area SAL - £ (SA*~SL*) tana - £ A.P; 

„ SA*~SL* ± SA*~SL* 

.-. P « r tan a - — -r . 

2/i fyu* cos a 
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Illustration. 



In any orbit described under the action of a force tending 
to any point S 9 when the angle between the tangent PY and the 
radius SP is a maximum or minimum, the Telocity is equal to 
the velocity in a circle at the same distance about the same force 
in the center. 

For, the curve near this point may be considered an equiangular 
spiral ultimately, since the angle is constant for a short time ; 
•\ the chord of curvature is = 2 SP, 
.-. V 2 = F.SP. 

XVI. 

1. In different equiangular spirals, described under the 
action of forces tending to the poles which are equal at equal 
distances, shew that the angular velocity varies at any point 
directly as the force and the perpendicular on the tangent. 

2. The angular velocity of the perpendicular on the tan- 
gent is equal to that of radius. 

3. The velocity of approach towards the focus, called the 
paracentric velocity, varies inversely as the distance. 

4. Deduce from the time in an equiangular spiral, the time 
of passing from one point to another, when a body moves along 
a straight line with a velocity which varies inversely as the 
distance from a fixed point in that line. 

Prop. X. Problem V. 

If a body is revolving in cm ellipse, to find the law of centri- 
petal force tending to the center of the ellipse. 

Let CJ, CB be the semiaxes of the ellipse, P the position 
of the body at any time, PCG, DCD\ conjugate diame- 
ters, Q a point near P, Q T % PF perpendiculars from Q 
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and P on PG, DD\ QU an ordinate to PCG, QR a sub- 
tense parallel to CP. 



-9^^ 




^^T / \ 




^"^» 


\. /K j 


<KT 




^^' 



111611 Fm ci»' or* ultimatel y- 

But by similar triangles Q TV, PFC, 

QU* CD 9 



Q7* PF^ 

QU* " CP*' PU.UG ~ CP° ' 

Q7* PF'.CIF AC*.BC* 
*'* PU.UG " CP 4 CP 4 ' 

and PZ7= Q.R, and £7G - iCP ultimately; 
QT* AC*.BC* 
2QR 

h*.CP 



F — limit of 



CP* 
*h*.QR 



ultimately ; 



CP; 



0P t .QT t AC.BC* 

therefore the force is proportional to the distance from 
the center. 

AlUer. 

If CY be perpendicular on the tangent at P, 

F =cr i pq> ultimatel y» 
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. QU* C& 

and as ; 

PU.UG CF* 
but QU= PQ, and UG «= 2 OP, ultimately, also PU- QR ; 
PQ 9 2 CD* 



QR CP 



and CY~PF; 



M_ CP h? 

" CY*2CB< " PF'.CB 9 ' 

^ CP oc CP. 



AO.BC* 

Cor. 1. And conversely, if the force be as the distance, 
a body will revolve in an ellipse having its center in the 
center of force, or in a circle, which is a particular kind 
of ellipse. 

Cor. 2. And the periodic times will be the same in all 
ellipses described by bodies about the same center of 
force. 
For the periodic time in any ellipse 

2 x area of ellipse ZttAO . BC 
" h - h ' 

and the forces at different distances in the same or dif- 

h 9 
ferent ellipses vary as the distance ; .\ ,^. ^ • or a is 
r ' AC*.BC* 

the same in different ellipses, therefore the periodic 

g__ 
times in different ellipses is the same, and - — ^ . 

SCHOLIUM. 

If the center of an ellipse be supposed at an infinite dis- 
tance, the ellipse becomes a parabola, and the body will 
move in this parabola; and the force, now tending to 
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a center at an infinite distance, will be constant and 
act in parallel lines. This theorem is due to Galileo. 
And if the parabola be changed into a hyperbola, by 
the change of inclination of the plane cutting the cone, 
the body will move in this hyperbola under the action 
of a repulsive force tending from the center. 



Velocity in an Ellipse about the Center. 

134. To find the velocity in the elliptic orbit under the 
action of a force tending to the center , the measure of whose 
accelerating effect is fix distance. 

„ f . n h h.CD h.CD 

Velocity *r-w-CY^b--AC^C> 

A h% 

and ^2c^ ; 

.\ velocity at P « y/^ . CD. 

A liter. 

PV CD* 

(Vel.)*atP-*\ — -mCP.— ; 

/. vel. at P m v/m". CD. 

135. To compare the velocity in an ellipse about the center 
with the velocity in a circle at the same distance. 

(Velocity)* in a circle rad. CP^fiCP.CP; 
.-. vel. at P : vel. at circle (rad. CP) :: CD : CP. 

136. If a hyperbolic orbit be described under the action of 
a repulsive force tending from the center 9 the force varies as 
the distance, and the velocity at any point as the diameter of 
the conjugate hyperbola parallel to the tangent at the point. 

This may be proved exactly as in the case of the ellipse, 
employing the proper figure. 
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137. To find the time in any arc of an elliptic orbit about 
a force tending to the center. 

Let P be any point of the orbit, Q the corresponding point 
in the auxiliary circle to the ellipse, 

time from Aio P oc area ACP « area ACQ « z ACQ, 

and periodic time « —7=-; 

.\ time in AP : —7= :: z ACQ : four right angles; 
.". time in AP « circular measure of ACQ -r- s/n* 

Notes. 

138. Cor. 1. The proposition asserts only that if a body 
revolve in an ellipse under the action of a force tending to the 
center, the force would vary as the distance; but it does not prove 
that a body can move in such an ellipse. 

But this can be shewn as a particular case of the following 
general proposition. 

139. Prop. Let ABODE be any plane curve, S any point 
in the plane, to shew that, generally, the curve can be described 
under the action of a force tending to or from S, with finite 
velocity, the velocity at any given point being any given velocity. 

For arcs AB, BC, ... can be measured from any point A, 
along the curve, such that the areas 
SAB, SBC, ... are all equal, and of 
any magnitude. Also a body can be 
made, by some force, to move along 
the curve with finite velocity, so as 
to describe the arcs AB, BC, ... in 
equal times, unless the tangent to one 
of the arcs, as DE, pass through S, 
in which case, if the arcs be indefi- 
nitely diminished, DE : AB is not finite ultimately. 
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Hence by Prop. II. a body can move with finite velocity 
under the action of some force tending to or from S, generally. 

And since in making the motion of the body such that it 
shall describe equal areas in equal times we are only concerned 
with the ratio of the velocities, the velocity at any point A may 
be any given velocity, q. e. d. 

140. Cor. l. Or if we please we may suppose the force 
at any point any given force ; for the force depends only upon 
the velocity and the form of the curve, and the form of the curve 
being known at A, the velocity may be chosen so as to make the 
force equal to the given force. 

141. Cor. 2. The ratio of the velocities is the same at 
two given points, for all forces tending to a given center, under 
the action of which the curve can be described. 

142. Cor. 3. The proposition is true with respect to a 
point S moving uniformly in a straight line. 

143. Cor. 4. Hence a body can move throughout any 
ellipse under the action of a centripetal force tending to the 
center or focus, or any point within the ellipse, with a finite 
Telocity, since no point within an ellipse lies on any tangent. 

144. Cor. 5. In the case of a circle, S being an external 
point, a body can move with finite velocity under the action of 
a force tending to the point S, in the portion which is concave 
to *S, or from S, in that which is convex to S; but not from 
one portion to the other. 

145. If at a given point the velocity of a body be known, 
and the direction of its motion ; to determine the curve which 
the body will describe under the action of a given centripetal 
force, which varies as the distance from the point to which it 
tends. 
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Let Pt be the direction of motion at P, V the velocity at P, 
p . CP the measure of the accelerating effect of the force tending 
to C. 




Let P V in PC produced be four times the space through 
which a body must move from rest under the action of the force 
at P continued constant, in order to acquire the given velocity V; 
when r* = 2pCP.%PV. 

Draw CD parallel to Pt, a mean proportional to CP and 
^PV, and let an ellipse be constructed with CP, CD as semi- 
conjugate diameters, then PV is the chord of curvature at P 
through C. 

In this ellipse let a body revolving under the action of the 
given force arrive at the point P, at this point it will be moving 
in the direction Pt, also (vel.) 2 at P - nCD* = ijl.CP .\PV=V\ 
or the velocity at P, in the constructed ellipse, is V. Hence 
the body revolving in this ellipse is under the same circumstances 
as the proposed body, in all respects which can influence the 
motion of a body ; therefore the proposed body will describe the 
ellipse constructed as above. 

Lemmas in Conic Sections* 

1. If TPt be a tangent at P to an ellipse, CD the parallel 
semidiameter CT, Ct in the direction of any conjugate diame- 
ters, PT. Pt = CD*. 
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For PT 2 M T :: CD : CN, 
Pt : CM :: CD : ON; 
.-. PT.Pt : CM.MT :: CD 4 : CiNT*; 

and it is easily shewn that CN* + CM * « Ci a ; 
since CP and C7> are conjugate ; 

/. CN* -CM.CT- CM* m CM. MT; 

.\ PT. Pt m CD*. 

2. The converse is also true, viz. if PT . Pt'= CD* be given, 
CT, Ci are fy direction of conjugate diameters. Draw Ct con- 
jugate to CT; 

.-. PT.Pt = CD*; 

.-. P* - Ptf, 

or Ctf and CT are conjugate. 

146. Geometrical construction for the position and mag- 
nitude of the axes of the elliptic orbit, described by a body 
about the center, when the velocity at a given point is known, 
and the direction of motion. 

Produce CP to R, making PR a third proportional to CP 
and CD ; bisect CR in U, and draw UO perpendicular to CR , 
meeting tP in O, and with center O describe a circle passing 
through C, R, and cutting tPT in t and T; 

.\ PT.Pt=CP.PRmCD*; 

therefore CT 9 Ct are in direction of conjugate diameters, and 
TCt is a right angle ; therefore CT, Ct are the directions of 
the axes of the ellipse, and if PM, Pm be perpendicular to these 
diameters, the semiaxes are respectively mean proportionals 
between CM, CTand Cm, Ct. q. b. f. 
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147. Equations for determining ike position and dimen- 
sions of the orbit. 

Let it.R be the measure of the accelerating effect of the 
force at distance R, Fthe velocity, a the angle between the 
direction of motion at the given point P and CP 9 CP = R, 
a, b the semiaxes of the ellipse, v the angle which the larger 
axis makes with the distance CP. 

Then V* = vl.CD*, 
and CD>+ CPt-at + b*; 

.-. a f + 6>- — + R* (1) 

M 

Also h = V. R sina = y/^. ab ; 

V.Rsma 
.'. ab ■= -p= — (2) 

and by the properties of the ellipse, 

— cosV + — sm 2 w » 1 (3) 

The equations (l) (2) and (3) determine a, 6 and w f whence the 
position and magnitude of the ellipse is determined. 

Or, instead of (3) we can obtain isr without previously de- 
termining a and 5. 

For let PM 9 DN be perpendicular to the major axis. 
Then V cos (a - w) = y/^CD cos DCN m y/^CN, 
Fsin (a - -nr) - \/^CjD sin DCZNT « y/^DN; 
/. r*£n(a-7sr)cos(a-w)=vCN.DN-vCM.PM 
- jtifl* cos w sin 7T ; 
/. F 2 sin2(a- w)» /u^sin^^r; 
/. T 2 (sin 2a cot 2W - COS 2a) = m-B* 5 

m-B 2 
.\ C0t2?sr=-= r C0Sec2a + C0t2a (4) 
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whence w is known immediately from the initial circumstances 
of the motion. 

148. If the force be repulsive, the equations for determining 

a, b, v are 

V* 
a»-6*=JF (1) 

_ FA sin a 
<*=—— (2) 

VM 

and — cos*w- — sin , 7r= 1 (S) 

The direction and magnitude of the axes of the hyperbola 
may be determined geometrically with ease, by observing that 
the asymptotes are the diagonals of the parallelograms of which 
the conjugate diameters are sides. 

Apses. 

149. In any orbit described under the action of a force 
tending to a fixed center, a point at which the direction of the 
motion is perpendicular to the central distance is called an apse, 
the distance is called an apsidal distance, and the angle between 
consecutive apsidal distances is called an apsidal angle. 

Thus, in the ellipse about the center, the extremities of the axes 
are four apses, and there are two different apsidal distances, and every 
apsidal angle is a right angle. 

In the circle about an internal point the apses are at the greatest 
and least distances, and the apsidal angle is two right angles. 

150. In a central orbit described under the action of 
forces tending to a fixed point, each apsidal distance divides 

the orbit symmetrically. 

It is easily shewn that in any orbit described under the 
action of a force tending to the center, if another body be pro- 
jected at any point with the same velocity in the opposite direo- 
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tion it will proceed to describe the same orbit in the reverse 
direction, under the action of the same force. 

For, let ABC, fig. Art. 139, be a portion of the polygon 
described, whose limit is the path of the body, produce AB to 
c, and CB to a, making Be « AB, and Ba = CB. 

The impulse at B is measured by cC when the body de- 
scribes ABC, and if the motion be reversed, the same impulse 
at B would cause the body to move in BA, since a A =» cC. 
And the same is true throughout the polygonal path, hence 
the assertion is true for the polygonal path under the action of 
impulses which are always the same at the same points, and 
therefore it is true in the limit as stated for the curvilinear 
motion. 

Hence the path of the body from an apse being similar and 
equal to the path which would be described if the motion were 
reversed at the apse, is similar to the path described in approach* 
ing the apse ; whence the proposition is established. 

151. There are only two different apsidal distances, and 
all apsidal angles are equal* 

For, after passing a second apse, the curve being symme- 
trical on both sides, a third apse will be in such a position that 
the apsidal distance is the same as for the first apse, and all the 
apsidal angles are shewn similarly to be equal. 

152. Cor. Hence a central orbit can never re-enter unless 
the ratio of the apsidal angle to a right angle be commensurable, 
and if it be so the curve will always re-enter. 

Illustrations. 

1. A body revolves in a circular orbit about a force which 
varies as the distance, and tends to the center of the circle ; the 
center of force is suddenly transferred to a point in the radius, 
which at the moment of change passes through the body : to find 
the subsequent motion of the body. 
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(1) Since the force varies as the distance and is attractive, the 
orbit is an ellipse. 

(2) And, since the force is a finite force, the body will move in 
tbe same direction as before, at the moment of the change. 

(3) Also, the velocity will for the same reason be unaltered, at 
that moment, since the force requires a finite time to produce an effect. 

Let CA be the radius passing through the body at the moment of 
change, p.CA the force at distance CA, 
V the velocity in the circle. 

Then V* = pCA.CA=pCA?; and, 
if 8 be the new point to which the force 
tends, let AB f be the ellipse described 
(1); SA is one of the semiaxes of the 
ellipse since A is an apse (2), and SB' 
being the other, if a body revolved in 
this ellipse round S 9 p SB'* would be the 
(vel.)* at A, the same as in the circle (3); 
oxp.SB"=nCA\ and .-. SB' = CA - CB; 

.'. the two semiaxes, SA and CA are determined, and their position 
is known, and .*. the ellipse completely determined. 

The ellipse lies without the circle at A, because, the velocity being 
unaltered, the force has been diminished in the ratio of CA ; SA, and 
therefore the curvature diminished in that ratio. 

If S had been in AC produced, the force would have been increased, 
and the orbit within the circle near A. 

The greatest distance from CA which the body reaches is in all 
cases the same for this law of force, because the component of the 
force perpendicular to CA is the same at the same distance from CA 
in whatever curve the body moves ; therefore, the velocity being the 
same at A> the velocity perpendicular to AC is destroyed by the force 
at the same distance from AC, in each orbit. 

2. A body is describing a circle about a force which varies 
as the distance and tends to the center ; if the center to which 
the force tends be suddenly transferred to a point in the circum- 

NKWT. O 
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ference 60° from the position of the particle, to determine the 
orbit described. sfA&C^ 



The orbit is an ellipse, since the force is attractive.^ f .c^lN-A 



j.. ,\ *.•, ssxx Ki] 




Let P be the position of the body at the instant the center of force 
is transferred from O, the center of the circle, to S y then SCP is an equi- 
lateral triangle. 

Draw DSD' perpendicular to CP, meeting it in F y and take 
SD = SD = SP. Construct an ellipse having SP, SD as semiconju- 
gate diameters ; SA, SB the semiaxes bisect the angles PSD, PSD ; 
the velocity at P is Jp . SP = ,JJ*.SD; .\ this ellipse is the subsequent 
orbit whose major-axis bisects the angle PSF. 

Prove the following construction : 

On CP as diameter describe a circle cutting SD' in B, A'; SA\ SB" 
are the lengths of the semiaxes. 

Explain why the orbit is exterior to the circle. 
3. Two bodies whose masses are m, m revolve in an ellipse, 
under the action of a force tending to the center; shew that if 
they are at one time at the extremities of two conjugate diameters, 
they will always be so, and in this case find the locus of their 
eenter of gravity. 

Let P, D be their positions at any 
time, CP, CD being semiconjugate dia- 
meters. Let the ordinate MPQ, NDR 
meet the auxiliary cifcle in Q and 22. ^ 

Since the angles ACQ, ACR are ^ JT 
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always proportional to the times, .*. BCQ will always be a right angle ; 
.*. the bodies will always be at the extremities of conjugate diameters. 
Let GH be the ordinate of their center of gravity. 
Join RQ and produce HO to RQ in J5T; 

.: KH : GH :: QM : PM a constant ratio, 

and RK : KQ:: DG : GP ; 

,\ CK is constant, or the locus of K is a circle, 
.*. the locus of G is an ellipse whose axes are proportional to those 
of APD. 

Shew that the semimajor-axis : CA :: wi' + wi" : (m + tn')\ 

4. A body is composed of matter which attracts with a 
force varying as the distance ; shew that however a particle be 
projected, unless it strikes the body, it will describe its orbit in 
the same periodic time. 

This is obvious immediately from the following proposition relating 
to attractive forces. 

Prop. A body composed of matter which attracts with a 
force varying as the distance attracts any particle in the 
same manner as if the body were collected in the center of 
gravity. 

Let G be the center of gravity of the body, P the attracted par- 
ticle, m a particle of the body of 
mass m 9 and let AGB be a plane 
through G perpendicular to PG; 
PGA, PGB two planes containing 
P and perpendicular to each other. 

Draw mM, mN perpendicular 
to A GB, PGB, and join Af G, draw 
mQ perpendicular to PG, and .*. pa- 
rallel to MG. 

The attraction of m on P is mea- 
sured by m.mP and its component perpendicular to AGB by 
m.PQ=m.(PG-GQ); 

o2 
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.% the attraction of the body on P in the direction perpendicular to 
AGB is measured by 

2{m(PG-GQ)}-2(«).PG-2(m.mM)-2;(jfi).PG, 
since 2 (tn.mM ) - 0, the center of gravity being in AGB. 
The attraction perpendicular to PGB is measured by 
"2(tn.fnN)=0, 

and similarly for PGA ; .-. 2(m) PG measures the whole attraction, 
whence the truth of the proposition. 

5. A body moves in an ellipse under the action of a force 
varying as the distance : if the velocity at any point be slightly 

increased by ~th of itself, find the consequent changes in the 

axes of the ellipse. 

If the body be at the end of one of the equal conjugate 
diameters when the change takes place, shew that each axis is 

increased by — th of itself, and that the apse line regredes 

through a small angle whose circular measure is - -, — — . 

When V is changed to V ( 1 + —J, let the corresponding changes of 

a, b 9 and w be a a, bfi, and y: a, ft, y, and - being so small that we 
may neglect their squares. 

Then, by the equations of Art. 147, and notes (1), (2), (3) in illus- 
tration 1, 

«• (1 + a)'+ i« (1 +y8)' = ^ (l +iy+iP, 

V 

and a* +b* = — + -R* ; 

.: a t a+ b* ft=— :...(1). 

«.6.Cl + a)•(l + ^=%^(l + I) , , 



and a 9 b 
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F'iFsin'a 



•••« + /*=£ (2) 

and a and /3 are known from (1) and (2). 
In the particular case proposed, 

F , = ^.CD»- B ^(o , + ^), andiP-^^, 

2ft ^ 
pj ps - 

Also — i cos* (w + y) + -gy sin' (tor + <y) = l + -, 
— ; cor w +J;- sin" tor m 1 • 
•'• (p" - p) {«n f (»+*) -sin* w} = £ ; 

•\ 7, being expressed in circular measure, m ■ . a . g ; 
and since the axes bisect the angles between equal conjugate diameters, 

PCD = ir-2w, 

ab m OP . CD sin 2* = ±(a* + b*) sin 2w; 

XVIL 

1. Shew that the velocity in an ellipse about the center is 
the same as that in a circle at the same distance at the points 
whose conjugate diameters are equal. 
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2. A body Is revolving in a circle under the action of a 
force tending to the center, the law of force at different distances 
being that the force varies as the distance ; find the orbits de- 
scribed when the circumstances are changed at any point as 
follows : 

(1) If the force be increased in the ratio of 1 : *. 

(2) If the velocity be increased in the ratio 1 : n. 

(3) If the force become repulsive and of the same mag- 
nitude. 

(4) If the direction be changed by an impulse in the 
direction of the center, measured by the velocity which is equal 
to that in the circle. 

8. A particle is revolving in a circle round a force which 
varies as the distance ; the center of force is suddenly trans- 
ferred to the opposite extremity of the diameter through the 
particle and becomes repulsive ; shew that the eccentricity of the 
hyperbolic orbit « £n/& 

4. If a body be projected from an apse, with a velocity 
double of that in a circle at the same distance, find the position 
and magnitude of the axes of its orbit. 

5. An elastic ball moving in an ellipse about the center, on 
arriving at the extremity of the minor-axis strikes another ball 
at rest directly ; find the orbits described by both bodies. 

6. The particles of which a rectangular parallelopiped is 
composed attract with a force which varies as the distance, and 
a body is projected so as to describe a curve on one of the 
faces supposed smooth ; find the periodic time. 

7. A body is projected at an angle cos" 1 — j= with the dis- 

^f s 

tance from a point to which the force tends, varying as the dis- 
tance from it, and the velocity « \/f * velocity in the circle at 
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the same distance; prove that one axis is double of the other and 
that the inclination of the major-axis to the distance is £ cos"" 1 J. 

8. CX y CY are straight lines perpendicular to one another, 
and a force tends to C, and varies as the distance from C. If 
from various points in CY different particles are projected parallel 
to CX at the same moment, and with the same velocity, they will 
all arrive at CX at the same time and place. 

9. Prove the same, if CX, CYbe inclined at any angle, and 
also if at any time the force cease to act 

10. A particle is describing an ellipse about a force tending 
| to the center C, and when it arrives at B, the extremity of the 

minor-axis, the force is suddenly transferred to the focus S; shew 
that the major-axis of the new orbit bisects the angle BSC. 
Shew also that if a, b, a, /3 be the semiaxes of the old and new 



a _ b : a + b :: (a - /3)« : (a + 0)*. 

11. From points in a line CA between Cand A particles 
are projected at right angles to CA, with velocities proportional 
to their distances from A, C being a center to which the force 
tends, and the force varying as the distance ; find the ellipse of 
greatest area which is described. 

12. A particle is projected from a point P in a given ellipse 
to the center C of which a force, varying as the distance, tends : 
the direction of projection is perpendicular to the major-axis, the 
velocity is that in a circle whose radius is CS ; prove that the 
major-axis of the orbit is that of the given ellipse, and that 
CP* — the sum of the squares of the semi minor-axes of the orbit 
and given ellipse. 

13. A number of particles move in hyperbolas, under the 
action of the same repulsive force from their common center. 
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Shew that, if the transverse axes coincide, and the particles start 
from the vertex at the same instant, they will always lie in a 
straight line perpendicular to the major-axis. 

14. If the hyperbolas in the last problem all have the same 
asymptotes, and if the particles start from their vertices at the 
same instant, shew that they will always lie in a straight line 
through the center. 

15. Four equal bodies are placed in a smooth elliptic groove 
at the extremities of equal conjugate diameters, and are acted on 
by their mutual attraction, which varies as the distance. Shew 
that if they be projected with the same velocity equal to that with 
which they would revolve in a circle, passing through them all, 
they would exert no pressure on the groove, the sum of the squares 
of their velocities would never vary. 



section in. 

On the Motion qf Bodies in Conic Sections, under the 
action qf Forces tending to a Focus. 



Prop. XI. Problem VI. 

If a body is revolving in an ellipse, to find the law of force 
tending to a focus of the ellipse. 

Let 8 be the focus to 
which theforce tends, 
P the position of the 
body at any time, 
PCG, DCK conju- 
gate diameters, Q a 
point near P, QT, 
PF perpendiculars 
from Q, P on SP, 
DCK, PR a tangent 
at P, QR parallel to 
SP, Qxv to PR meet- 
ing SP in w and PC in v, and let SP, DCK intersect in 
E. Then PE - AC. 

Then ^-^ • q^» ultimately, when QP is indefinitely 

diminished. 
But by similar triangles, QT*, PFE, 

QT* PF* PF* BC* 
Qai* m PE* m AC* m cIP' 
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Qo* CD 1 

Now, — -_, - -=T5i ty the properties of the ellipse, 

, Pv Pv CP , ... . . . 

QR " Px " PE y sumlar tnan 8 les 5 

Qv* CD 1 



" QR.vG CP.AC 

and vG • 2CP, Q<v — Qv, ultimately; 

QT* 2BC* _ ... 
.-. -^- - -^- - £, ultimately, 

if £ be the latus rectum of the ellipse. 

2A« l l 

"'• T 'SP^SI*' 

Aliter. 

Since the force tending to the center of an ellipse, under 
the action of which the ellipse can be described, varies 
directly as the distance OP from the center O; let OE 
be drawn parallel to the tangent PR to the ellipse ; then 
if S be any point within the ellipse and SP, OE intersect 
in E, force tending to O : force tending to S 

:: OP . flP* : PE? (Prop. vn. Cor. s); 

PJS* 
••. force tending to 8 « — — , 

if S be the focus of the ellipse, PE « A is constant ; 

.\ force tending to 8 « •— , . 
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Prop. XII. Problbm VII. 

If a body is revolving in an hyperbola, to find the law of force 
tending to a focus of the figure. 

The investigation is exactly the same as in the last propo- 
sition, employing the subjoined figure. 




Also, repulsive force from « CP, and by Prop. vn. Cor. 3, 
force from : force to S :: CP . SP* : PIP, whence 

force to S « -^^ , since PE is constant. 

In the same manner as in these propositions it can be shewn 
that the repulsive force tending from a focus, under the 
action of which the body describes the opposite branch 
of the hyperbola, varies inversely as the square of the 
distance. 

Prop. XIII. Problem VEX 

If a body is moving in a parabola, to find the law of force 
tending to the focus. 
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Then F - 



— , ultimately, 




Let 8 be the focus of the parabola, P the position of the 
body at any time, Q a point near 
P, PRY a tangent at P 9 QR paral- 
lel to SP, Qav to PR, meeting SP 
in a and the diameter through P 
inv,QT, SV perpendicular to SP, 
PY respectively. 

gft» 

SP* 
when QP is indefinitely diminished. 

Since SP, Pv make equal angles with the tangent, Pxv is 
an isosceles triangle, therefore Pv **Px= QR, and by 
similar triangles 

QT* SY* JS.SP AS 
Qtf " SP* " -SP 8 " ,SP' 
and Qi^ - 4SP.Pv « 4tfP . QJJ ; 
.*., since Qx - Qt>, ultimately, 



QT" 



4£P.Qil 



— , ultimately, or — 



4 J£ « Z ; 



2tf 



1 1 

SP^SP 1 



Con. l. It follows from the last three propositions, that 
if any body move from the point P in any direction 
PR with any velocity, and be at the same time acted on 
by a centripetal force, which is inversely proportional to 
the square of the distance, the body will move in some 
one of the conic sections, having a focus in the center 
of force, and conversely. 

For when the focus is given, and the point of contact, and 
the position of the tangent, a conic section can be de- 
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scribed which will have a given curvature at that point. 
But when the force is given and the velocity of the body, 
the curvature is known ; and two orbits touching one 
another cannot be described with the same centripetal 
force, and the same velocity at the point of contact. 
Cor. 2. If the velocity with which a body leaves its posi- 
tion P, is such that it could describe the small space PR 
in some very small time, and in the same time the cen- 
tripetal force were able to move the same body through 
the space RQ, this body will move in some conic section 

QT* 

whose latus rectum is the limit of — — when the lines 

QR 

PJR, QR are indefinitely diminished. 

In these corollaries the circle is included as a particular 

case of an ellipse ; and the case is excepted in which the 

body moves in a straight line to the center of force. 



Notes. 

153. If fji be the absolute force, in any conic section about 

2A* 
the focus, whose latus rectum is L, ja « — , and m ia given 

when the force at any point is given, or when the velocity at 
any point in a given conic section is given; for in that case L and 
V . SY or A are given. 

154. If we assume the chord of curvature at any point in 

an ellipse or hyperbola, we obtain the law of force from the 

2A 2 
expression * m gr * 9 py 

For, PV.JC = 2CD*-2SP.HP; 
and vSF* : BC* :: SP : HP; 

:: SP 2 : $PV.AC; 
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VAC 



" BCSP*' 

Similarly for the parabola, when 

PF-45P, and SY*~ AS. SP, 



Fw 



AS.SP.PV 2AS.SP*' 



155. Cob. 1. It is assumed in this corollary that a conic 
section can be described under the action of a force tending to 
the focus : see Art. 159. 

Prop. XIV. Theorem VI. 

If any number of bodies revolve about a common center, and 
the centripetal force varies inversely as the square of the 
distance; the latera recta of the orbits described are in the 
duplicate ratio of the areas, which the bodies describe in the 
same time by radii drawn to the center of force. 

For in each orbit the latus rectum is equal to the limit 

of -p— (by Cor. 2, Prop, xm.) when the arc PQ is made 

indefinitely small. 
But QR in a given time is ultimately in the different orbits 
as the centripetal force, that is, reciprocally as the square 
of the distance SP. 

QT* 
Hence, ultimately, — =- « QT*.SP*, or the latus rectum 

is in the duplicate ratio of Q T. SP or of twice the area 
PSQ described in a given small time, and, since the area 
in each orbit is proportional to the time, L varies as the 
area described in any given time. 
Cor. Hence the whole area of the ellipse, and the rect- 
angle under the axes, which is proportional to it, varies 
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in a ratio compounded of the subduplicate ratio of the 
latus rectum and the ratio of the periodic time. 

For the whole area is as QTx SP described in a given 
time, multiplied by the periodic time. 



156. We may prove the proposition as follows. 

Let h 9 h! be the double areas described in the same time in 
any two of the orbits; £, II the latera recta, then since the cen- 
tripetal forces vary in the different orbits inversely as the square 
of the distances, 

2A * • 2A * - SF* • SF* 
L.SP* # L'.SF* - ^ ' ^ 

2A* 2A'» 

.% L : L' :: h* : ti>; 
or the latera recta are in the duplicate ratio of the areas de- 
scribed in a given time. 

157. And similarly for the corollary. 

Let P, P be the periodic times. Then the areas are as 
hP : UP; 
:: l}.P : L' l .P. 

Prop. XV. Theorem VII. 

On the same supposition, the squares of the periodic times in 
ellipses are proportional to the cubes of the major-axes. 

If P be the periodic time in any ellipse, P . h <x area of 
ellipse oc AC . BC ; and, since the force is the same in 
the different orbits, BC* « h* . AC; 

BC* 

/. P* oc AC* . -77- « AC 9 . Q. B. D. 



90S HKWTOK. 



Com, Hence the periodic times in ellipses are the same as 
in circles whose diameters are equal to the major-axes 
of the ellipses. 



158. The periodic time P may be found in terms of the 
absolute force p. 

For h.P m twice the area of the ellipse 
~2tJC.BC; 
JC.h* 

.\ P~2vJC.-£-~ZvJC.l J 

2wA& 



159. The time in any arc of an ellipse may be found from 
the area of the sector JSP, and shewn to be 

I A I . (SC .QM+ AC. arc JQ). See page 35. 

Kepler t Lowe. 

160. The three laws known by the name of Kepler's Laws 
are, 

I. That planets more in ellipses having the Sun's center in 
one focus. 

II. That the areas swept out by radii drawn from the 
planet to the Sun's center are, in the same orbit, proportional to 
tho time of describing them. 

III. That the squares of the periodic times are propor- 
tional to the cubes of the major-axes. 

These laws were discovered by Eepler from observations 
made on the planet Mars, and stated by analogy as general 
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laws, which, although not rigidly true as stated by Kepler, are 
sufficiently near to the truth to have led to the discovery of the 
law of attraction of the bodies of the solar system. 

161. The deviation from complete accuracy is due to the 
facts that the planets are not of inappreciable mass, that they 
disturb each other's orbits about the Sun, and by their action on 
the Sun itself cause the periodic time of each to be shorter than 
if the Sun were a fixed body, in the subdupliedfe ratio of the 
mass of the Sun to the sum of the masses of the Sun and Planet; 
this error is appreciable although very small, since the largest 
of the planets, Jupiter, is less than K^ th of the Sun's mass. 

Deductions from Kepler's Laws. 

162. From the law of the equable description of areas, 
stated as the second law, it is deduced, by Prop, u., that the 
forces acting on the planets are centripetal forces tending to the 
Sun's center. 

But this law gives no information regarding the nature or 
intensity of the forces. 

163. From the elliptic motion of the planets, as asserted 
in the first law, it is deduced, by Prop, xi., that the force which 
acts upon each planet varies inversely as the square of the dis- 
tance from the center of the Sun. 

164. From the relation between the periodic times and 
lengths of the major-axes, stated in the third law, it is inferred, 
by Prop, xv., that the planets are acted on by the same centri- 
petal force; and that the attraction, being the same for all 
bodies, independently of their form and substance, is not of the 
nature of the elective aetion of chemical or magnetic forces. 

165. The same laws hold for the motion of the satellites of 
Jupiter, Saturn, and Uranus, and the first two for our Moon, 

newt. p 
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their respective primaries taking the place of the Sun in the 
statement of the laws. 

Hence it is inferred that forces tend to the centers of the 
planets, varying according to the same law as the forces tending 
to the Sun. 

166. By such deductions the law of gravitation is rendered 
probable, that every particle attracts every other particle with a 
force which va£es inversely as the square of the distance. 

The law thus suggested is assumed to be universally true, 
and calculations are made of the effects of the action of the 
bodies of the solar system upon one another in disturbing their 
elliptic motion ; and also of the disturbances of the motion of the 
satellites due to the want of exact sphericity in the primaries. 

Predictions of the return of comets have been fulfilled, 
founded on the supposition of the truth of the law, and the 
existence and position of a planet have been recognized before its 
discovery, from its assumed action according to this law upon 
another planet. 

Thus the law of gravitation has satisfied every test which 
could be applied to it, and it is therefore proved to be true as far 
as our system is concerned. 

Prop. XVI. Theorem VIII. 

On the same supposition, the velocities of the bodies are in the 
ratio compounded of the inverse ratio of the perpendiculars 
from the focus on the tangent and the subduplicate ratio of 
the latera recta. 

For in any two orbits 

rr rrl h *' 

* " SY ST' 

:: sr'sr' 
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Cor, l. The latera recta of the orbits are in the ratio 
compounded of the duplicate ratio of the perpendiculars 
and the duplicate ratio of the velocities. 

For L : L' :: A 2 : A' 2 

:: V*.SY* : V'*.SY'*. 

Cor. 2. The velocities of the bodies, at their greatest and 
least distances from their common focus, are in the 
ratio compounded of the ratio of the distances inversely, 
and the subduplicate ratio of latera recta directly. 

For the perpendiculars on the tangents are these very 
distances. 

Cor. a. And therefore the velocity in a conic section, at 
the greatest or least distance from the focus, is to the 
velocity in a circle at the same distance from the center 
in the subduplicate ratio of the latus rectum to twice 
that distance. 

For the latus rectum of a circle is the diameter, therefore 
if SA be the greatest or least distance, velocity in the 
conic section : velocity in the circle 

•' SA ' SA " * { ** A) ' 
Cor. 4. The velocities of bodies revolving in ellipses are, 
at their mean distances from the common focus, the 
same as the velocities of bodies revolving in circles at 
the same distances ; that is, (by Cor. 6, Prop. iv.) in the 
inverse subduplicate ratio of the distances. 
For the perpendiculars are now the semiaxes minor, or 
ST" BC and the distance SB « AC, therefore velocity 
in the ellipse at the mean distance : velocity in the 
circle at the same distance 

- BC ' AC " L ' VAC) ' 
therefore the velocities are equal. 

PS 
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Cor. 5. In the same figure, or in different figures baying 
their latera recta equal, the velocity varies inversely as 
the perpendicular from the focus oh the tangent. 

Cor. 6. In the parabola, the velocity varies in the inverse 
subduplicate ratio of the distance of the body from the 
focus, in the ellipse it varies in a greater, and in the 
hyperbola in a less inverse ratio. 

For the (velocity) 2 « — — , 
which in the parabola oc -— , 
in the ellipse 

in the hyperbola 

Cor. 7. In the parabola, the velocity of the body at any 
distance from the focus is to the velocity of a body 
revolving in a circle at the same distance from the 
center, in the subduplicate ratio of 2 : l ; in the ellipse 
it is less, in the hyperbola greater than in this ratio. 

For, velocity in the conic section : velocity in the circle 
at the same distance 

" sy- sp " Usr*) ' " v ' 

in the parabola :: (f^^)* : 1 n (^) : 1 

• in the ellipse or hyperbola, and HP < 2 AC in the ellipse, 
and > 2 AC in the hyperbola. 

Hence also, in the parabola, the velocity is everywhere 
equal to the velocity in a circle at half the distance, in 
the ellipse less, and in the hyperbola greater. 



HP 


2AC- 


SP 


oc oc 

SP 


SP 




HP 


SAC + 


SP 


oc oc 

SP 


SP 
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Cor. 8. The velocity of a body revolving in any conic 
section, is to the velocity in a circle at the distance of 
half the latus rectum, as that distance is to the perpen- 
dicular from the focus on the tangent. 

For, velocity in conic section : velocity in the circle at 

Z* Z* 
distance AZ :: — r :-=-=•:: 1Z : SY. 
* SY \L 2 

Cor. 9. Hence, since (Cor. 6, Prop, iv.) the velocity of a 
body revolving in a circle is to the velocity in any 
other circle in the inverse subduplicate ratio of the 
distances, the velocity of a body in a conic section will 
be to the velocity in a circle at the same distance, as a 
mean proportional between that common distance and 
the semilatus rectum to the perpendicular from the 
focus on the tangent. 

For velocity in a circle at distance \ L : velocity in a circle 
at distance SP :: SP^ : (\L)l, therefore velocity in conic 
section : velocity in circle at distance SP 

:: QL.SP)i : SY. 



167. To find the velocity in a conic section described 
under the action of a force tending to thefocw. 

In the central conic sections 

F1- .*V -tfC*' rfP 



SY* AC.SY* AC.SP' 

? 
In the parabola, 



™ „ i «« * CD % pl. HP 

"•^-'•i^-sF'Ic-WTjd- 



" SY' m Sl.SP' SP' 
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or, F»-J?.iPF«^.*SP-j£, 

HP - %AG - SP, in the ellipse, 

HP ~ SP - 2AC, in the hyperbola, force repulsive, 

- SP + 2 AC, in the hyperbola, force attractive ; 

. f m JLU 9 **\ 

•• v spv jor 

168- The expression -£p ( 2 - -j^J for the square of the velocity in 

the ellipse, reduces itself to that for the hyperbola under an attractive 
force by changing the sign of AC, which corresponds to the opposite 
direction in which AC is measured in the hyperbola; it reduces to that 
for the hyperbola under a repulsive force by changing the sign of /*, 
which corresponds to changing the direction of the force ; and to that 
for the parabola by making AC infinite. 

169. To compare the velocity in the ellipse or hyperbola 
with tliat in the circle at the same distance. 

Let U be the velocity in the circle, 

IP - — . SP - — ; 
SP* SP 9 

m m SP' 

AC 



The Hodograph. 

170. Def. If from any point lines be drawn representing 
in direction and magnitude the velocity of a particle describing 
an orbit under the action of a force tending to a fixed center, the 
locus of the extremities of these lines is the Hodograph. 
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This name is given to the curve by Sir William Hamilton, see page 
613 of his work on Quaternions. 

171. Prop. If a conic section be described under the 
action of a force tending to a focus, the Hodograph is a 
circle. 

For in the case of the ellipse or hyperbola the velocity varies 
inversely as SY, and therefore directly as HZ, and the locus 
of Z is a circle. And, in the case of a parabola, AY being the 
tangent at the vertex, AU perpendicular to SY, 

SY : AS :: AS : SU, 
therefore SU varies as the velocity, and the locos of U is a circle. 
Whence the proposition follows. 

Illustrations* 

1. The hodograph for an ellipse about the center is a 
similar ellipse. 

For CD is parallel to the direction of motion and proportional to 
the velocity. 

2. The hodograph for a hyperbola is a hyperbola similar to 
the conjugate hyperbola. 

S. The hodograph for a parabola described under the 
action of a constant force parallel to the axis is a straight line 
parallel to the axis. 

Prop. XVII. Problem IX. 

Given that the centripetal force is inversely proportional to 
the square of the distance from the center, and that the 
absolute force of the center is known ; it is required to find 
the curve which will be described by a body which is pro- 
jected from a given point with a given velocity in a given 
direction. 
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Lemma in Conic Sections. 



In any conic section, 
if G be the intersection 
of the axis and normal 
at P, GL the perpen- 
dicular on the focal dis- 
tance SP, GU parallel to 
the tangent meeting SP 
in U 9 PL is the semi- 
latus rectum, and PU 
half the chord of curva- 
ture. 




1. In the ellipse 
and hyperbola, let PG 
meet the conjugate dia- 
meter in F; 






.-. CD.PF-AC.BC, * 


^Ja! c /* U A 


/Gr | 


PG.PF-BCP; 






PU PE CD 
'"' PG~ PF~ BO 1 


* / / 

ul/ 




PU 

*'• CD ' 


PG BC CD 
' BC m PF m AC 1 





CD* 

PU » -— - half the chord of curvature, 
AC 



, PL PF 
^PG" PE' 



PL> 



BC* 
AC 



half the latus rectum. 
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2. In the parabola, 

PU SP 

PG " SY' 

and PG - 2SF; 
.: PU-2SP. 

Also. — ■ — : 
' PG SP* 

SP 




Let P be the velocity, PT the direction of projection, S 
the point to which the force tends, and let PU be 
measured on PS produced, if necessary, equal to twice 
the space through which the body must be drawn from 
rest by the action of the force at P continued constant, 
in order that the velocity V may be generated ; there- 
fore since the absolute force is given, PU is given. 
Draw PG perpendicular to PY and PH so that the 
angles HPG, SPG are equal. Draw UG perpendicular 
to PG, and join SG. 

Here three cases arise : 

l. If PU - 2SP, S is the center of a circle about PGU 9 
.: / SGP » z SPG m 4. HPG, :. SG produced either way 
will not meet PH. 

3. If PU< 2SP, z SGP > £ SPG or HPG, .\ SG produced 
meets PH in H. 

3. If PU>2SP,tSGP<iSPG or HPG, .-. GS pro- 
. duced meets PH in H. 
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1. IfPUm tSP draw GL perpendicular to PS, and with 
S as focus, and 2PL as latus rectum describe a parabola 
whose axis is in the direction SG. 

Then PU, by the Lemma, is the half chord of curvature at 
P through S. 

2. If PU<*SP with S and H as foci and SP + HP as 
major-axis, describe an ellipse, then, by the Lemma, PU 
is the half chord of curvature at P through S. 

8. If PZ7>2SP with tf and J7 as foci HP-SP as trans- 
verse axis, describe a hyperbola, PU is the half chord 
of curvature through 8. 

In all these cases, a body may be supposed to revolve in 
the conic section described, under the action of the 
force tending to S (Art. 139, 140)> and the velocity at P 
is that due to falling through one-fourth of the chord of 
curvature through S or half PU, under the action of 
the force at P supposed constant, and is therefore equal 
to V, the velocity of the projected body; also, since the 
angles SPG, HPG are equal, PY is a tangent, therefore 
the direction of motion is that of the projected body. 

Therefore the circumstances of the two bodies are the 
same in all respects which can influence the motion at 
the point P, and they will therefore describe the same 
orbits, or the projected body will describe a conic 
section of that kind which corresponds to the velocity. 

The orbit therefore is an ellipse, parabola, or hyperbola, 
according as PU< , - , or > 2 SP 9 

or as V(**F.PU)<, =, or >2P.£P, 

or as F 8 <, m , or > 2 x (vel.)* in a circle of radius SP. 

Cor. 1. Hence if a body move in any conic section, and 
be disturbed by any impulse from its orbit, the orbit in 
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which it will proceed to move may be discovered. For, 
by compounding the motion of the body with that 
motion which the impulse alone would generate, the 
motion and direction of motion will be found with which 
the body will proceed from the point at which the dis- 
turbance took place. 
Cor. 2. And if the body be disturbed by any continuous 
extraneous force, its course can be determined, approxi- 
mately, by calculating the changes which the force pro- 
duces at certain points, and estimating from analogy the 
changes which take place at the intermediate points. 

SCHOLIUM. 

If a body P move in the perimeter of any conic section, 
whose center is C, under the action of a centripetal 
force tending to any given point R, and the law of force 
be required, draw CO parallel to RP and meeting in 
G the tangent PG to the conic section. 

Then, by Prop. vn. Cor. S, force tending to R : force 
tending to C :: CG* : CP.RP*, but, force tending to 
C varies as CP, 

CG* 

••. force tending to R «— — . 

RP* 



172. An elegant direct investigation of the path of a body 
projected at any angle to the radius drawn to a given center, to 
which a force tends which varies inversely as the square of the 
distance, is given in Gooduriris Course of Mathematics, being 
due to B. L. Ellis, Esq. of Trinity College ; in this investigation 
the properties of the hodograph are introduced, and the path is 
shewn to be the locus of a point whose distance from a fixed 
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straight line is in a constant ratio to its distance from the center 
of force. 

For the outlines of the following demonstration, also depend- 
ing on the properties of the hodograph, I am indebted to Pro- 
fessor Tait, of Belfast, to whom I proposed the problem to shew 
that the feet of the perpendiculars from the center of force on 
the direction of motion of the projected body always lie in a 
circle or straight line. 

173. General property of the motion of a body in a 
central orbit. 

Let ABC be a portion of a polygonal perimeter described 
under the action of impulses tending to S as in Prop. i. 

As 




SY, SZ, perpendicular to AB, BC; produce YS, ZS to 
TH making YS. sr = ZS. SZ'. 

Then SY* f SZ' represent the velocities in AB, BC in mag- 
nitude, and are perpendicular to the directions of motion; 

/. SY' : SZ' :: Be : BC, 

and z TSZ' - z YSZ - z YBZ; 

•\ triangles cBC, Y'SZ' are similar, 

and Y'Z' is perpendicular to BS produced. 
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Also if F / Z'{7'...be the polygon corresponding to ABCD... 
making the same construction for each side successively, 

Y'Z' : Cc :: Z'U' : Dd :: 

•\ the perimeter F'Z'C7\.. varies as the sum of the velocities 
generated by the impulses in the corresponding portion of the 
perimeter of the original polygon. 

If we proceed to the limit we obtain the following results : 

1. If a body describe any curve under the action of a force 
tending to S, and YS perpendicular to the tangent on any point 
P be produced to Y*> so that SY'.SYis invariable, the tangent 
to the locus of Y 1 is perpendicular to PS. 

2. Any finite arc of the locus of Y' varies as the sum of 
the velocities generated by the central force in the passage 
through the corresponding arc of the trajectory. 

3. The chord of the arc represents the resultant of the 
velocities generated by the central force, and is perpendicular to 
its direction. 

174. To shew that if the central force vary inversely 
as the square of the distance, a body will describe a conic 
section. 

The velocity generated in a small given time varies ulti- 
mately inversely as the square of the distance, also the angle 
described in the same time varies ultimately inversely as the 
square of the distance, /. the velocity generated varies as the 
angle described ; hence, by Lemma iv., the velocity generated 
in a finite time varies as the whole angle described. 

Now by result (l) of the last proposition, the angle 
described is equal to the angle between the tangents at the 
extremities of the corresponding arc of the locus of Y\ and 
by (2) this velocity varies as the arc of that locus ; .*. the locus 
is such that the angle between the tangents at the extremities 
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of any arc varies as the arc, which is a property peculiar to 
the circle. 

Hence the foot of the perpendiculars from the center 
of force on a tangent to the body's path is a circle or straight 
line, which is a property of a conic section only, once straight 
lines drawn according to a fixed law can only have one envelope. 

It is easily seen that the path will be an ellipse, parabola, 
or hyperbola according as 8 lies within, upon, or without 
the perimeter of the locus of F'. 

175. Equations for determining the elements of the 

elliptic orbit, when V % < -^ . 

Let V be the velocity of projection, a the angle SPY 
between SP and PY 9 fig. page 216, the direction of projection, 
fA, the absolute force, \{s the angle PTS between PY and the 
major-axis, and let SP = B t o, b, e the semiaxes and eccentri- 
city of the orbit; 

».HP ». ( R\ 

M .£Z = A 2 « FlR*sin'a; 

V , _ F*iPsin'a 

.-. — - o(l - c 8 ) .... (2) 

a fi 

Draw SY, HZ perpendicular upon the tangent, and HK 
perpendicular to SY, 

SHcwSHK=HK = YZ = (SP + PH) cos SPY; 
.'. 2ae cos \j/ « 2a cos a ; 

.•. e cos yfs m cos a (3) 

SHwiSHK~SK=SY-HZ; 
.•• 2ae sin \}r » (SP - HP) sin a 

m {B - (2a - R)} sin a; 
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.'. e sin \j/ » f 1 j sin a ; 

•\ tan ^ = | 1 j tan a 



(■ 



1 1 tana. . . . (4) 

The equations (l) and (2) determine a and b or e, and 
(4) determine \^ immediately from the given circumstances of 
projection, (3) is also a convenient equation for determining the 
position of the axes. 

Instead of (3) or (4) we might employ the equation 

3 „, \L 

1 + e cos ASP 

to determine the angle ASP f which gives the direction of the axes. 
176. Equations for determining the elements qf the hyper- 



2/u 
bolie orbit, when F 8 > — . 



r -i(**T) • • • • w 

M -« M a(e»--l)- F*iPsin 2 a. . ( 2 ) 
a 

and SH co* SHK-HK= YZ - (HP-SP) cosa; 

/. e cos \^ « cos a (3) 

Also, SH sin tfiMT « *SJT = SV + T-ST; 

.\ e sin \J/- = { iR + (2a + 2?) J sin a ; 

.•. tan>//« (— + 1J tana 



(?-) 



tana. ... (4) 
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177. Equations for determining the elements of the 
paralalia orbit, «*»F»-£. 

In fig. page 217, SY* = AS.SP; 

.-. JS~Rsin*a, (1) and PTS~2a, (2) 

(l) and (2) are equations which completely determine the po- 
sition and dimensions of the orbit. 

178. To find the elements of the orbit described under 
the action of a repulsive force varying inversely as the square 
of the distance from the point from which the force tends. 

Let H be the point from which the force tends, HP m R y 

»SP m HP-%AC *iR \ 

HP. AC HP AC R\a J ' v ' 

The other equations are similar to those in Art. 176. 

Illustrations. 

1. A body is revolving in a circle under the action of a 
force which tends to the center and varies inversely as the 
square of the distance from it When the body arrives at any 
point, if the force begin to tend to the point of bisection of 
the radius through the body, to determine the orbit described 
by the body. 

Let CA be the radius, 8 the new center of force. Then since the 
force is finite, the velocity at A is unaltered, and A is an apse of the 
new orbit. 

Also (velocity)* in the circle a -~ % . CA =* ~j < -~-r; hence, the 
body moves in an ellipse, and ^ = ~vl\* ) C 1 ) 



i 
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and M^ = # = ^.<S^ (2) 

.:b* = \.CA.a = ±-CA*. 
4 12 

Also 1--3- 1 - T = -; .\ $ = -. 
a" 4 4* 2 

A liter. 

Instead of equation (2) we might determine e from the considera- 
tion that A was one extremity of the major-axis ; 
.'. SA=*a(l ±e); 

.-. 1 *« = §.; 

.*. « = -, and the upper sign must be taken, or A is the greatest focal 

distance. 

The orbit lies entirely within the circle, since the force at A is in- 
creased, and therefore the curvature greater than that in the circle. 

2. If the new center of force be in the bisection of the 
radius which if produced passes through the body; to deter- 
mine the orbit. 

CA'SAV a J 9 

SA 3 
for the orbit must be elliptic since ^rj * z < * » 

SA a 3 1 onA 

,. — -*- 5 - 5 ; .-. — «CK; 

and &A«a(l*$); •••*"q> 

and A is the nearest point to &. 

In this case the force, and therefore the curvature, is diminished, 
which accounts for the orbit being exterior to the circle. 

NEWT. Q 
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S. A particle is projected round a center of force which 
varies inversely as the square of the distance, with a velocity 
which is to the velocity in a circle at the same* distance as 

j- * 

v/5 : 2, and at an angle whose sine is -y=; shew that the 

eccentricity of the orbit is -|> and that the major-axis is perpen- 
dicular to the distance of projection. 

r-!-s-s(*-t> •• » 

ta{l-<T)=V\ie.\-pR (2) 

and e cos\^ = cosa (S) 

i 2 

,\ cosy=-ip=Bmo; 

.*. >//-, the angle between the direction of projection and major-axis, 
= — -a, or the major-axis is perpendicular to the distance. 

4. A body revolves in a circle under the action of a 
force tending to the center and varying inversely as the square 
of the distance. Find the orbit described if the force suddenly 
tend to a point S in the circumference of the circle 60° from 
the body. 

(velocity)* at A = ^ . = -aj , and since the velocity is unaltered at A, 

JL m £_(t-?4S. 
SA SAV a J' 

.: a= SA, or A is the extremity of the minor-axis; .v the major-axis 
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is parallel to the tangent at A, or perpendicular to CA, and the center 
is in the bisection of CA. 

The curvature is less than that of the circle, because the normal 
force is diminished by the change. 

5. A body revolving in an ellipse under the action of a 
force tending to a focus S has the direction of its motion 
altered at a given point of its path, the velocity remaining un- 
altered; to determine the corresponding change in the position 
of the major-axis. 

Since the velocity and the distance SP in the new orbit is the same 
as in the old, .'. the length of the major-axis is the same ; .*. PH is 
the same in the two orbits ; .'. the other focus lies in a circle whose 
center is P, and SP 9 PH make equal angles with the new direction. 

6. To find at what point of the orbit a slight alteration 
may be made in the direction of motion, the velocity remaining 
unaltered, so that the direction of the major-axis may be the 
same as before. 

The direction of the major-axis being unaltered, SH must be a tan- 
gent to the locus of H, .: P must be at the extremity of the latus rec- 
tum which does not contain the center of force. 

7. Prove that if, when a body is at the extremity of the 
latus rectum which does not contain the center of force, the 
direction of motion is deflected through a small angle, without 
altering the velocity, the alteration of the eccentricity is to the 
deflection as BC 2 : AC 9 . 

For, let P be the position of the body, HH r the small arc of the 
circle described by H, which nearly 
coincides with the direction of the 
major-axis, HPH' is double the angle 

* * n .. * H'S HS 

of deflection, and „ ~Q~Tr 9 ° T 

JITJf 

A jr, , is the change of eccentricity; 

Q2 
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.*. change of eccentricity : deflection of direction 

8. If a body moving in an ellipse be acted on by an 
impulsive foree in the direction of the focus, when it arrives at 
the extremity of the latus rectum, the axis-major remains unal- 
tered in direction. 

For if SL be the semi latus rectum, the force being central, h is 
unaltered ; .*. m • SL is unaltered, or SL is the semi latus rectum of the 
new orbit, and the axis-major is perpendicular to SL. 

9. The velocity at any point of an ellipse about a force in 

the focus is compounded of two uniform velocities, one ■= — 

h 

perpendicular to the radius vector, and the other m — perpen- 

h 

dicular to the major-axis. 

Let S be the center of force, HZ perpendicular on the tangent at P, 
join CZ. Then ZC, parallel to PS 9 
CH and HZ are perpendicular to 
the three directions; .\ velocity 
represented by HZ is the result- 
ant of two represented by CZ and 
HC in magnitude; now the velo- 
city perpendicular to HZ = -^= 

SY 

= p. HZ; .-. velocity perpendicular to HC and CZ are «a* and ^a 

= -j- and T , since u — = hr. 
n h r a 

10> A particle moving in an ellipse under the action of a 

force tending to the focus has a very small velocity — im- 

A 
pressed upon it in the direction of the radius vector; shew 
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that the corresponding changes of the eccentricity and angular 
distance, of the apse are given by the equations 

d — e * n sin Q % 
e {ff - 0) = n cos 0. 

For, since the impressed velocity is towards S, .'. j in the new orbit 
is still the velocity perpendicular to the radius vector : and the remain- 
ing velocity -j is compounded of the two velocities -£ in direction 

PM, and -j- in PS, let PM* he the perpendicular on the new major- 
axis. Then / M'SM= z M'PM being angles in the same arc of a 
circle about SPM, and the velocity in PM and its components in PM 
and PS being as e', e and n, 

S sin M'PM=n sin SPM, 
ef cos M'PM = e + « cos SPitf ; 
.-. since M f PM= & - 6 is small, and &ZW - 90° - 6, this proposition 
is proved. 

XVIII. 

1. The velocity in an ellipse at the greatest distance is 
half that with which a body would move in a parabola at the 
same distance ; required the eccentricity of the ellipse. 

2. A body, moving in a parabola about a center of force 
in the focus, meets at the vertex with an obstacle which dimi- 
nishes the square of the velocity by one fourth, without altering 
the direction of the motion ; shew that the body will afterwards 
move in an ellipse whose axis-major is equal to the latus rectum 
of the parabola. 

3. If from every point of a hyperbola described under the 
action of a force in the farther focus a particle moved from rest 
under the action of the force at that point continued constant, 
until it acquired the velocity of the particle moving in the 
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hyperbola ; find the locus of the particles. If r, r be the radii 
vectores for the hyperbola and locus, 2 or' « r*. 

4. A body revolves in an ellipse about a center of force in 
the focus 8. Shew that there is always some determinate point 
at which the absolute force may be supposed to change suddenly 
from m to rip, so that the subsequent path of the body may be 
a parabola about 8 in the focus, provided n is not situated 
beyond the limits £ + e ) ^d £ (l - e). Prove also that 
the latus rectum of the ellipse : that of the parabola :: n : 1. 

5. Of all comets moving in the ecliptic in parabolic orbits, 
that which has the latus rectum of its orbit equal to the diameter 
of the Earth's orbit will remain within the latter for the longest 
period, the Earth's orbit being considered circular. 

6. The ratio of the axes of the Earth's and Venus's orbits 
is 18 : 13; find the periodic time of Venus. 

7. Force oc (dist.)* 2 ; a body is projected with a velocity 
of 100 feet per minute from an initial distance of 82 feet, the 
velocity in a circle at that distance being 80 feet per minute ; 
find the periodic time. 

8. Two ellipses are described by two particles about the 
same center of force in the focus : the eccentricities are ^ and 
^ \Zs respectively, and the major-axes are coincident in direction 
and equal in length. Compare the times which each body spends 
within the orbit of the other. 

9. A body is moving in a given parabola under the action 
of a force in the focus : when it comes to a distance equal to 
the latus rectum, the force is suddenly changed into a repulsive 
one ; determine the nature, position, and dimensions of the new 
orbit. 

10. If a body be projected with a given velocity about a 

center of force which « — — — , shew that the axis-minor of the 
(dist.) 2 
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orbit described will vary as the perpendicular from the center of 
force upon the direction of projection ; and determine the locus 
of the center of the orbit described. 

11. A. body moves in an ellipse and is at the extremity of 
the minor-axis when its velocity is doubled. Find the new 
orbit, and shew that the body will come to the vertex after 
describing 90°, provided the ratio of the axes of the given ellipse 
is 2 : 1. 

12. The velocity in a parabola round the focus is suddenly 
diminished in the ratio of \/lt : 1, shew that the semimajor- 
axis is SP, and the semiminor-axis is a mean proportional 
between SP and AS. 

13. A particle describes an ellipse about a center of force 
in the focus S; about S as center a circle is described, which is 
cut by the radius vector SP in the point Q ; from Q a line is 
drawn perpendicular to the direction of the particle's motion, 
which meets the major-axis in R ; prove that R is constant in 
position. 

14. The perihelion distance of a comet moving in a para- 
bolic orbit a \ the radius of the Earth's orbit, supposed circular. 
The planes of the orbits coinciding, find the time in days from 
perihelion to the point of intersection of the orbits. 

• 15. If PO is perpendicular on the directrix from any point 
of an elliptic orbit described by a particle about the focus S, and 
when the particle is at P, the force suddenly tends to O instead 
of S, prove that the new orbit may be a parabola if e > ^, and 
that in this case SP passes through the intersection of the two 
circles, one described on SH as diameter, and the other with 
center S and radius SA, the shortest focal distance. 

16. A body revolves in an ellipse about a center of force in 
its center C. When the body comes to A the extremity of the 
axis-major, the law of the force is supposed to change suddenly 
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and <xZ>~*; find the elements of the new orbit Also if the 
eccentricity of the old orbit be e, and that of the new orbit e\ 
then e' - c*. 

17. A body revolves in an ellipse about the focus from nearer 
to farther apse and the angle which its direction makes with the 
focal distance is constantly being increased without altering the 
velocity ; shew that the motion of the apse line will change from 

IT 

progression to regression when the true anomaly « - +2 tan' 1 e, 

% 

e being the eccentricity at that moment. 

18. A body describing an ellipse about a center of force in 
S has a velocity equal to its own communicated in the direction 
PH, which causes it to describe a circle, determine the eccen- 
tricity of the original orbit, and shew that the diameter of the 
circle s 4 x the latus rectum. 
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1. To find the time of motion and the velocity acquired, 
when a body falls through a given space from rest, under the 
action of a force which varies inversely as the square of the 
distance from a fixed point. 

Let S be the center of force, A the point from which the 
body begins to fall. JLp 

—pi the measure of the accelerating effect -2C~ 

of the force at a distance SP. 

Let APA' be a semiellipse, whose focus is 
S and axis-major ASA', AQA' the auxiliary 
circle whose center is C 9 MPQ a common 
ordinate. Let a body revolving in the ellipse 
under the action of the force tending to S 
arrive at P, 

time in AP « area ASP « area ASQ ; 
A time in AP : time in APA* :: area ASQ : semicircle AQA' 
:: sector ACQ + &SCQ : semicircle AQA % 
wAC* AC . arc AQ + SC . QM 




time in AP - 



iJ 



rAC* 



This is true, whatever be the magnitude of the minor-axis 
BC, and therefore when it is indefinitely diminished, in which 



case the diameter of curvature at A — 



2BC* 
AC 



= 0, and therefore 



the velocity at A = ; therefore the elliptic motion ultimately 
degenerates to a rectilinear motion in which the body starts from 
rest at A. 



'-( ! 
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Also, since A8 . SA' - BC, 
SA' ultimately - ; /. SC - AC - £ SA ; 

.-. time in AM - ( — ] . (arc JQ + QM). 

The Telocity in the ellipse at 

( u.(2AC-SP) \i 
AC.SP J ' 
and when the minor-axis is indefinitely diminished 

yelocxty at M- (__,_) - \^ 7m ) . 

It must not be supposed that the motion will be represented 
throughout by the ultimate motion in an ellipse whose axis-minor is 
indefinitely diminished, in which case the body would return to A ; 
for, since in this case the ellipse passes through S, we are precluded 
from applying the results of the second and third sections in determining 
the motion of the body after arriving at S; but we may correctly apply 
these results to determine the motion before arriving at &. 

In order to determine the motion after arriving at S, we mast ob- 
serve that at S there is a force in no direction, although when the body- 
is at any point very near to S there will be a very great force tending 
towards S ; on approaching S y therefore, the velocity will continually 
increase and the body will pass through S, with very great velocity ; 
but the motion will be checked, according to the same law, as rapidly 
as it was generated, and the body will proceed to a distance SA on the 
opposite side of 8. 

Cor. If a body be projected directly towards or from a 
center, to which a force tends which varies inversely as the square 
of the distance, the time and velocity acquired in a given space 
may be determined by means of an ellipse, parabola, or hyper- 
bola, whose latus rectum is indefinitely diminished, so constructed 
that at the point of projection the velocity is properly repre- 
sented. 
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2. To find the time of motion and the velocity acquired 
-when a body falls through a given space from rest, under 
the action of a force which varies as the distance from a fixed 
point. 

Let S be the center of force, A the place from which the 
body begins to move ; on ASA' describe a semi- -4r 
ellipse A PA' whose semiaxis-major is SA, and 
a semicircle AQA', let MPQ be a common M- 
ordinate. 

Suppose a body revolving in the ellipse to * • 
arrive at P, then, time in AP « area ASP « 
sector ASQ « angle ASQ ; 

.*. time in AP : time in ABA' :: arc AQ : ir .AS ; ^[L 




time in AP « 



7r arc AQ 



arc AQ 



\/y ir.AS y/^ AS ' 

and the same is true when the minor-axis is indefinitely dimi- 
nished, in which case velocity at A ■■ 0, since the diameter of 
curvature = 0. 

Therefore the elliptic motion is reduced to the rectilinear 
motion of a body originally at rest at A, and the time in AM 

1 arc AQ 
\/p AS 
The velocity in the ellipse at P 

« \/\l . SD where SD is conjugate to SP 
-y/»(AS> + BS>-SP*)l; 
therefore the velocity at M in the rectilinear motion 
- y/^(AS* - SM*)i « y/^L. MQ. 



Cor. Time from A to S • 



2vV 
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or the time of reaching S is the same whatever be the initial 
distance. 

For a direct solution, see Art. page 80, 81. 

3. If the velocities of two bodies, one of which is falling 
directly towards a center of force and the other describing a 
curve about that center, be equal at any equal distances they 
will always be equal at equal distances, if the force depend 
only on the distance. 

Let S be the center of force, and let one of the bodies be 
moving in the straight line APS, the other A\ 
in the curve AQq. Suppose the velocities 
at P, Q to be equal, and let Qq be an arc 
of the curve described in a short time. 
With center S and radius SQ, Sq describe 
circular arcs QP, qP and let SQ meet pq 
in m and draw rnn perpendicular to Qq. 

Since the centripetal forces at equal dis- 
tances are equal, they will be so at P and 
Q, and Pp, Qm may represent them ; Pp 
is wholly effective in accelerating P, Qn is the only effective 
part of Qq on Q, the component nm being employed in re* 
taining the body in the curve. 

Also since the velocities are equal at P and Q, the times 
of describing Pp, Qq are ultimately proportional to Pp, Qq 
when the time is indefinitely diminished ; 

.\ force at P : force at Q in Qq :: Pp : Qw, 
time in Pp : time in Qq :: Pp : Qq; 
.-. vel y acquired at p : vel y acquired at q :: Pp 2 : Qn.Qq; 
but Qn.Qq^ Qw 8 = Pp 8 ; 
/. velocity added in Pp and Qq are equal, 
/. the velocities at p and q are equal, 
.\ if the velocities, &c. 
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CYCLOID. 

Def. If, in the same plane, a circle be conceived to roll 
along a straight line, any point on its circumference will describe 
a curve called a Cycloid. 

Let C, D be the points where the tracing point meets the 
straight line, A the point where the tracing point P is furthest 
from CD, AB the corresponding diameter of the circle. 

The revolving circle is called the generating circle, AB is 
called the axis, A the vertex, CD the base. 

1. If RPS be the generating circle in any position, then, 
since the points of the base and circle come successively in 
contact CS = arc PS, CB and BD are each half of the circum- 
ference of the circle, and BS - are RP. 

2. To draw a tangent to a cycloid. 

Let the generating circle be in the position EPS, then con- 
sidering a circle as the limit of a regular polygon of a large 
number of sides, it will roll by turning about the point of con- 
tact, which is at rest for an instant, being the angular point of 
the polygon. 

.\ P moves perpendicular to SP, for an instant, or in the 
direction PR of the supplemental chord, which is therefore the 
tangent at P. 

Cor. If AQB be the circle on AB as diameter, PQM an 
ordinate perpendicular to AB the tangent at P is parallel to 
the chord QA. 

3. To find the length of the arc of a cycloid. 

Let RPS be the position of the generating circle corre- 
sponding to the point P in the cycloid, let P be the position 
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of P, when the circle has turned through a small angle POp, 
so that Pp is parallel to the base, and ultimately PP* is per- 
pendicular to SP 9 andpP to OP ; 

JD B S C 




A. H 

. . the triangles PpP and OPS are similar; 

.•• the triangle PpP is isosceles, and if pn be drawn per- 
pendicular to RP, PP = 2.Pn m 2 (RP - Rp) ultimately; 

.\ the cycloidal arc from the vertex increases twice as fast 
as the supplemental chord, and they commence together, 

.\ arc ^P = 2 i2P- 2JQ. 

4. To find the relation between the arc and abscissa. 

Let AM be the abscissa of the point P, 

AM : AQ :: AQ : AB; 

.\ AF* = ±AQ?=*AB.AM. 

5. To find the area of the cycloid. 

Let P f (fig. Art. 7) be any point in the cycloid CP'C, 
P f S the chord of the generating circle which touches the cy- 
cloid, then Q' a point in the cycloid near P' ultimately coincides 
with PS. Let (UN*, Q'iVbe the complements of the parallelo- 
gram whose diagonal is P'S, and sides parallel and perpendi- 
cular to the base, these are equal ultimately ; 

•\ by the fourth Lemma, the cycloidal area CNF* ■ circular 
segment SP'JSf. 
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6. Cor. The exterior portion C'BC is equal to the area 
of the semicircle, and the whole parallelogram BCB'C' is the 
rectangle under the diameter and circumference of the generating 
circle, and is equal to twice the area of the whole circle ; there- 
fore the cycloidal area CC'B' is three times the area of the 
semicircle. 

7. To shew that the evolute of a given cycloid is an equal 
cycloid. 

Let A PC be half the given cycloid, AB the axis, A the 
vertex, and BC the base. 
Produce AB to C', making 
BC '» AB, and complete the 
rectangle BCB'C', and let 
the semicycloid CBC be 
generated by a circle whose 
diameter is equal to that of 
the generating circle of the 
given cycloid ; C the vertex, 
and BC the base of this 
cycloid. 

Let SPR, SP'R' be two 
positions of the respective 
generating circles, having 
their diameters RS, SB in 
the same straight line, P, 
F the corresponding points of the cycloids. 

Join SP, PR and SB, BB. 

By the mode of generation, 

arc SP = SC, and arc SPR « BC ; 

/. arc PR = BS = C'B = arc BB; 

/. angle PSR « angle P SB ; 

/. PSB is a straight line. 
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Also, arc l^S- arc Ptf; .-. chi PS-&&. PS; 
.\ P^ST*- SP^S-P'C the cycloidal arc; 
and I*SP touches the cycloid C'PC at i* ; 
therefore, a string fixed to the cycloid at C, and wrapped over 
the arc of the semicycloid, will when unwrapped have its ex- 
tremity in the arc of the given cycloid ; and if another equal 
semicycloid be described by the circle rolling on SC produced, 
the extremity of the string wrapped on this curve will trace out 
the remainder of the given cycloid. 

Thus a pendulum may be made to oscillate in a given 
cycloid. 

8. To find the time of oscillation of a heavy particle 
moving in a smooth cycloidal arc, whose axis is vertical. 

A direct method of solving this problem is given in page 85, 
but it can be solved by means of the proposition given in Ap- 
pendix I. Art. 2. 

For the particle being in any position P is acted on by a 
force the measure of the accelerating effect of whose component 
in direction of the motion is 

R p 9 , 9 9 . 

o . — = — - — . AP. and — - — • or — - — is constant. 
y RS 2BS ' 2RS 9 2AB WUSHUl *- 

The acceleration at every point is the same as if the particle 
moved in a straight line under the action of a force varying as 
the distance tending to a point in the line. 



the time of falling from any point to A 

if 



is * s/*- JB 



s/* AB 



and the time of an oscillation from rest to rest « ir 

9 
being the same for all arcs of vibration. 

9. Cor. The length of the string which by the contri- 
vance of the last Article makes a particle oscillate in this cycloid 
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% 

is %AB m l suppose; therefore the time of the oscillation of a 



y/l. 



pendulum of length / » tt 

9 

10. To find the time of a very small oscillation of a sim- 
ple pendulum suspended from a point 

A simple pendulum is an imaginary pendulum consisting of a 
heavy particle called the bob, suspended from a point by means 
of a rod or string without weight. 

In this case the pendulum describes the small arc of a circle 
which may be considered the same as a cycloidal arc the axis 
of which is half the distance of the bob from the point of sus- 
pension. 

The time of oscillation from rest to rest k ir V- • 

9 

11. To count the number of oscillations made by a given 
pendulum in any long time. 

In consequence of the liability to error in counting a very 
great number of oscillations, since in the case of a seconds pen- 
dulum for each hour there would be 3600 oscillations, it becomes 
necessary to adopt some contrivance for diminishing the labour. 
For this purpose a pendulum is made which oscillates nearly in 
the same time as the given pendulum. These pendulums are 
then placed one before the other, so that two points near their 
lowest positions shall be in the field of view of a fixed micro* 
scope at the same time, and the time of exact coincidence in a 
certain position can be observed. 

Suppose that after n oscillations of the given pendulum 
they are again in exact coincidence close to the same position : 
if there be m such coincidences in the whole time of observation, 
the number of oscillations in that time is mn, and the only 
labour has been to count the n oscillations, and to estimate the 
number of the coincidences before the last one observed* 

NEWT. R 
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12. To measure the (Accelerating effect of gravity by means 
of a pendulum. 

Let g be the measure of this effect or the Telocity generated 
by the force of gravity in a second. 

Let I be the length of a simple pendulum which makes n 

oscillations in m hours, then « number of seconds in one 

n 

/J v*ln* 

oscillation - v V - 5 •'• 9 m / flgAM « i » * m whatever unit of 
g [SoOOym 

length I is estimated. 

This would be a very exact method of determining g, if we could 
form a simple pendulum ; hut it is impossible to do this, and it is only 
by calculations of a nature too difficult to be explained here that it can 
be shewn how to deduce the length of the simple pendulum, which 
would oscillate in the same time as a pendulum of a more complicated 
structure. 

13. The seconds pendulum at any place is the simple pen- 
dulum which at the mean level of the sea at that place would 
oscillate in one second. 

14. To determine the height of a mountain by means of 
a seconds pendulum. 

Let x be the height of the mountain above the mean level of the sea, 
L the length of the seconds pendulum for that place, a the Earth's 
radius, all expressed in feet ; n the number of oscillations lost by the 
pendulum in 24 hours. 

g the accelerating effect of gravity at the mean level of the sea* 

.'. r-£ — r| = that at the top of the mountain, supposing the earth 
composed of spherical layers ; •'. the time of oscillation at the top is 

IL (a + a;)* a + x • j 

*■* / - * — «— — = * n seconds, 

V g « « 

smce ir^/ - n= i ; 
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.\ (24 x 60 x 60^ w)^i?= 24 x 60 x 60, 

g = 24x60x60 
a"" 24 x60x 60-n 5 

and ^24x60x60 + (24x60x60)- near1 ^ 

.\ if a = 4000x1760x3, 

4000x1760x3 
XiS 24x60x60 W+ 

245 »" , 

= 245n + - — ^r — £tl nearly ; 
24 x 60 x 60 * ' 

= 245 n + "0027. n*. 

If»=10, 

the height = 2450*27 feet. 

15. To find the number of seconds lost in a day, in 
consequence of a slight error in the length of the seconds 
pendulum; and conversely. 

Let N be the number of seconds in a day, L the length of the 
seconds pendulum ; L + \ that of the incorrect pendulum ; N- n the 
number of oscillations in a day. 



(tf- B)% /^= N.«Jh 



, x N* 



L~{N-n)" 
X _ ZnN-f? 

A N * 1 

¥7 neai v' 
whence n can be found from X, or X from «. 



R3 
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EQUIANGULAR SPIRAL. 

Def. l. If a series of radii SA, SB, SC 9 ... be drawn 
inclined at equal angles, and AB, BC, CD, ... be drawn 
making equal angles SAB 9 SBC, ... with these radii respectively, 
the curvilinear limit of the polygon ABOD ... , when the equal 
angles A SB, BSC, ... are indefinitely diminished, is the Equian- 
gular Spiral. 

Def. 2. If an indefinite line SP revolve uniformly about 
a fixed point S, while another point P advances or recedes on 
that line with a velocity which varies as the distance from S, it 
will trace out the Equiangular or Logarithmic Spiral. 

The second definition follows immediately from the first, since, 
fig. page SO, SA-SB : SB-SC :: SA : SB, the triangles SAB, 
SBC, ...being similar. 

Since the limiting positions of the sides of the polygon are those ot 
tangents to the curve, the inclination of the tangents to the radii at any 
point is a constant angle ; whence the equiangular spiral is the spiral 
which cuts all the radii drawn from a fixed point at a constant angle. 

To find the length of an arc of an equiangular spiral 
contained between two radii* 

Let a be the angle SAB, 

and let SB : SA :: X : 1 a constant ratio, X < 1 ; 

.-. BC : AB :: CD : BO s ... :: X : 1 ; 

.\ AB + BC+ ... : AB :: 1 + X + X 8 + ... : 1, 

:: 1 - X" : 1 - X 
:: fi4(i -X") : SA-SB; 
.-. proceeding to the limit, since SL m \\ SA, 
arc AL : SA- SL :: AB : SA - SB 
.\ arc AL « (SA - SL) sec a. 
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Obs. 1-x* : 1-X* n 8A*-8L 9 : JSA'-SB*; 
.: ultimately, 1-x* : 1-x 8 :: &A*-SL* : 2&4 .-4# coea; 
inpftgeS0,^ J B t + 5C»+ : SA'-gL 9 :: Afl : ZSAwsa. 



CATENARY. 

Dbf. The catenary is the curve in which a uniform and 
perfectly flexible string, of which the extremities are suspended at 
two points, would hang under the action of gravity, supposed to 
be a constant force acting in parallel lines. 

The directrix is a horizontal straight line whose depth below 
the lowest point is equal to the length of string whose weight 
is equal to the tension at the lowest point. 

The axis is the vertical through the lowest point 

1. The tension at any paint of the catenary is equal to 
the weight of the string which if suspended from that point 
would extend to the directrix. 

Let A be the lowest point of a uniform and perfectly flexible 
string hanging from two points under the action of gravity, 




T O 



P any other point, AO the length of string whose weight is 
equal to the tension of the string at A. 
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Take a point B in OA, and let OM 9 BC drawn horizontally 
meet a vertical PM in M and C. 

If a string pass round pegs at APCB, it is evident that it 
will rest in any position, and this will be the case whatever be 
the size of BDC, and therefore if BDC be such that the tension 
at B equal the weight of B0 9 therefore replacing the portion 
BDC by strings BO and CM, OAPM is in equilibrium, but 
JO has weight equal to the tension in the proposed case, 
therefore the shape of AP in both cases is the same and the 
tension at P is the weight at PM. 

2. If a circle be drawn on the ordinate perpendicular to 
the directrix as diameter, it will meet the tangent at a paint 
whose distance from the point of contact is equal to the arc of 
the catenary. 

Let PT be the tangent, TOM the directrix, then since the 
are AP supposed to become rigid is kept at rest by the tensions 
at A and P, parallel to MT, TP and the weight parallel to 
PM, TPM is a triangle of forces ; 

/. weight of AP : tension at P :: PM : PT; 
.-. AP : PM :: PM : PT, 
and if M U be perpendicular to PT, 

MU : PM :: PU : PM; 

s.PU-AP. 

Con. Tension at A : weight of AP :: MT : PM; 

.-. AO : PU :: MT : PM :: MU : PU; 

.\ AO = MU. 

$. To draw a tangent to a catenary at any point. 

With center O, and radius O A, describe a circle A V, draw 
PN horizontal meeting the axis in N, and NV touching the 
circle in V, PT parallel to NV is a tangent to the catenary 
at P. 
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For, join 0V 9 and draw M U perpendicular to PT, therefore 
O V is equal and parallel to MU\ 

.\ MU- OV=AO; .•. PIT is a tangent. 

4. If an equilateral hyperbola be described, having center 
O and OA the semi transverse axis, the ordinate of the hyper- 
bola is equal to the arc of the catenary. 
For, let AR be the hyperbola, 

then, VN* = (NO + OA) AN - RN*; 
.\ RN = VN=PU-AP. 



LEMNISCATE. 
Def. The lemniscate is the locus of the feet of the perpen- 
diculars drawn from the center of a rectangular hyperbola upon 
the tangent. 

l. To find the inclination of the radius from the center 
of the lemniscate to the tangent at any point. 

Let CY be perpendicular 
on PT the tangent at the point 
P in the hyperbola. 

CY-PF; 
/. CY.CP~PF.CD~ AC*, 
v OP = CD in the rectangular 
hyperbola. 

Draw the ordinate PM, 
CT.CM=AC*-CV.CP; 
.-. CY : CT :: CM : CP; 
and CMP, CYP are right angles; .\ LPCM- t ACY. 
Draw CZ perpendicular on the tangent at Y to tbe lemniscate. 
,\ ZCY and YCP are similar triangles, (page 58, 8); 
.\ lZYC - L CPY - complement of twice L YCA. 




MS 
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*. To find the perpendicular on the tangent at any point 
of the lemniscate. 

CZ.CP-CY*, and CY.CP-AC; 

,\ CZ : CY :: CY* : AC*-, 

.-. CZ.AC-CY'. 

S. To find the chord qfeurtature through the center. 

Let r V be the chord of curvature ; 

.-. TV : iCZ :: CY - CV . CZ - CZ', ultimately, (Art. 80), 

and {CZ - CZ) AC* -CY*-CY' S ; 

.'. CT- CY' -. CZ-CZ' :: AC* : SCY*; 

.'. YV i SCZ :: CY : SCZ; 

.-. rr-fcr. 

4. To find the radius of curvature. 
The radius of curvature 

-IFF ^-^-^-ICP 

* rK cz scz scr * Cj ^ 

- J of the radius of curvature at the corresponding point of the 
hyperbola. 

5. To find the area of the lemniscate. 

The sectorial area ACQ may.be shewn by Lemma iv. to be 
equal to the triangle CRN where CQ meets the auxiliary circle 
in R and RN is perpendicular to CA. 

6. To find the law of force tending to the center, under 
the action of which the lemniscate is described. 

„. 2h* 3h* 8h*AC* 1 



CZ\ YV CZ\ CY CYi CY* 1 

7. The velocity varies inversely as the cube of the 
distance, 
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8. To find the time in any are of the lemniscate. 

Time in AQ = =■ v 3 . r . 

h /u» 

9, To find the poles of the lemniscate. 

Let S, H be the foci of 
the hyperbola, 

8, h the middle points of CS 
and OH. 

Draw SY'Z' perpen- j[_ 
dicular to the tangent, meet- 
ing the auxiliary circle in 
Y',Z'. 

Join *Y\ sZ\ *Y 9 hY; 

v Cs-sS, sY'-sY, and similarly hY~hZ = sZ\ 

The altitude of the triangle Y'CZ' is doable that of YsZ\ 
upon the same base; 

.\ &Y'CZ'-Q.AY'sZ' 9 

and CS.Ss~\CS % - AC*=SY'.SZ'; 

.*» a circle may. be drawn circumscribing CsY'Z' ; 

.-. i Y'CZ' - /.TsZ'i 

.-. Since the triangle Y CZ' is double of $Y'C, 

sY'.sZ' = \ Cr . 0Z f -iCJ*; 

.\ *Y.hZ-\CA\ 

which is the property of the poles of the lemniscate. 

For this proof I am obliged to Professor Tait. 
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XIX. 

. «• j *i> v -x - 1.8 +8.8 + ...+ n(n+l) . 

1. Find the limit of , when n 

n* 

is indefinitely increased. 

2. Prove, without finding the actual values, that the chords 
of curvature through the focus and center, and the diameter of 

~— •*»—"%■* — Ic'h'b- 

How does it appear that the chords of curvature through 
the two foci are equal? 

3. A body describes an ellipse about one focus ; prove that 
it always moves as fast towards one focus as from the other. 

4. A particle describes a parabola round a force in the 
focus. A is the vertex, L the extremity of the latus rectum, 
Pa point whose distance from the axis is the length of the 
latus rectum. Prove that the time in AL : time in LP :: 2 : 5. 

5. A body is revolving in an ellipse round a force in the 
center, and when the body arrives at the extremity of the 
major-axis, the center of force is transferred to the further 

26 

focus ; shew that the (eccentricity) 9 of the new orbit « , 

e being that of the old orbit. 

6. A body perfectly elastic, revolving in an ellipse about 
the focus, strikes a hard plane ; if (f> f be the angles which 
the direction of its motion makes respectively with the focal 
distance and the plane, shew that the periodic time will be 



GENERAL PROBLEMS. 251 

unaffected, and that the new minor-axis will equal the former 

sin (0 + 20) 

minor-axis x f . 

sin (j> 

7. In question 6, find what would be the eccentricity of the 
new orbit if the old orbit were a circle. And if the old orbit 
were a parabola find what would be the inclination of the axis 
of the new orbit to the axis of the old one. 

8. A balloon was found to be sailing steadily before the 
wind at an invariable elevation above the earth. A seconds 
pendulum suspended in the car was observed in 50 minutes to 
make 2997 oscillations ; at what height was the balloon ? 

(radius of earth = 4000 miles, nearly.) 

9. Shew how to find the weights of equal bodies on planets 
which have secondaries. 

XX. 

1. If the sides of a right-angled triangle vary, while its area 
remains constant, determine the ultimate ratio of the changes in 
the sides adjacent to the right angle. Also shew that in the 
limit the increment of the hypothenuse is to the increment of 
the sum of the other two sides as the sum of these sides is to 
the hypothenuse. 

2. The curvatures at the extremities of the major and 
minor axes of an ellipse are as 8 to 1 ; find the eccentricity. 

3. If a particle describe an ellipse under the action of a 
force tending to the focus, and v, v be the velocities at two 
points equally distant from the axis on the same side, V the 
velocity at the extremity of the minor-axis; prove that vv'm* V*. 

4. Shew that, an ellipse being described under the action 
of a force tending in a direction perpendicular to the major-* 
axis, the velocity varies as the secant of the angle which 
the direction of motion makes with the major-axis. 
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& A body describes a circle about a force F tending to 
the center C, shew that the arc ADE « 2-4C is described in 
the same time as a body would describe the chord AE under the 
action of the force F acting constantly parallel to AC. 

6. A hyperbola and its conjugate are described by particles 
round a force in the center. They are at an apse at the same 
instant ; shew that they will always be at the extremities of 
conjugate diameters. Also if v, v be their velocities, 

«*-t>'*- M (a*-P). 

7* A body is projected with a velocity equal to that in a 
circle at the same distance at an angle of 30°, and acted on by 
a central force varying as the distance ; determine the position, 
form, and magnitude of the orbit. 

8. When force « (dist.)~*, shew that however the absolute 
force (m) be altered so that similar ellipses are described, the 
alterations of the absolute force and mean distance a are in 
the ratio of /* : a. 

Q. Find the time of oscillation in a cycloid; and the 
height of a mountain to the top of which if a seconds pendulum 
be carried, 43 oscillations are lost in .a day ; prove that it is 
about two miles high. 

10.. Shew that in the elliptic orbit described under the 
action of a force tending to a focus, the angular velocity round 
the other focus varies inversely as the square of the diameter 
parallel to the direction of motion. 

XXI. 

1. AB is an arc of finite curvature in any curve ; the tan- 
gents at A and B intersect each other in T; and around the 
triangle ABT a circle is described; when B moves up to A, this 
circle ultimately bisects the diameter of curvature and all the 
chords of curvature. 
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2. Deduce the expression for the diameter of curvature at 
any point of a plane curve from the definition, that the circle of 
curvature is the limiting position of the circle passing through 
three consecutive points of a curve. 

5. A body describes an ellipse about one focus; prove 
that (veL at extremity of one latus rectum) x(vel. at extremity 
of other latus rectum) « (vel. at extremity of axis-minor) 2 . 

4. If the eccentricity of an ellipse be £, the time of moving 
under the action of a force tending to the center from one extre- 

mity of the latus rectum to the other is — -~ (S ± 1). 

5. Given the velocity and direction at two points of a 
central orbit, find the locus of the center of force. 

6. A body describes an ellipse about a center of force in 
the center ; prove that if r, r be two radii vectores and a the 
angle between them, the time of describing the intercepted arc 

1 . . frr sin a\ 

What is this time when rr sin a m £ ab 9 and the periodic 
time in the ellipse = 12 days ? 

7. If a closed string, lying on a smooth horizontal plane, 
pass loosely round three vertical pegs in the angles of an equi- 
lateral triangle, and if a bead be projected along the string so as 
to keep it stretched tightly, shew that the tension of the string 
will have two minimum values, and that they will be inversely 
proportional to the free lengths of the string in the two cases. 

8. If the earth's orbit be taken an exact circle, and a 
comet be supposed to describe round the sun a parabolic orbit 
in the plane of the ecliptic; shew that this comet cannot 
possibly continue within the earth's orbit longer than the 

f — J part of a year. 
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9. A body describes a hyperbola, under a repulsive force 
tending from the farther focus, and when the body arrives at 
the vertex, the force suddenly becomes attractive; shew that, if 
the new orbit be a parabola, d the eccentricity of the hyperbola 
- 3 ; if the new orbit be an ellipse of eccentricity e, e ±e = 2. 

10. A particle slides down the arc of a vertical circle, 
starting from rest at a given point ; find the point where it will 
leave the curve. 



XXII. 

1. Find the ultimate ratio of the area of a segment of a 
circle to the area of a triangle on the same base, and whose 
vertex divides the arc in a given ratio when the arc is dimi- 
nished without limit. 

2. From a point in the circumference of a vertical circle 
a chord and tangent are drawn, the one terminating at the 
lowest point and the other in the vertical diameter produced ; 
compare the velocities acquired by a heavy body in falling down 
the chord and tangent when they are indefinitely diminished. 

3. A flat ring is revolving about its center with a given 
angular velocity; find the law of force under the action of 
which it would continue to revolve exactly as before if cohesion 
were destroyed. 

4. A hollow cylinder consists of particles attracting as the 
distance; shew that if a particle be projected along the inte- 
rior, with any velocity, in a plane perpendicular to the axis, 
it will continue to make isochronous oscillations between points 
at equal distances above and below the middle section. 

5. If a bpdy be projected with a velocity - \Zix velocity 
in a circle at the same distance at an angle of 45°, determine 
the orbit completely. Force « (disk)"". 
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6. Supposing the major-axis of an ellipse =200 feet, the 
eccentricity = ^ 9 and the periodic time 10 days ; find the 
number of square inches in the area swept out by the radius 
vector in l". 

7. Two parabolas have the same axis, and the vertex of 
one of them lies half-way between tho focus and vertex of the 
other, which is intersected by the first at the extremities LL' 
of the latus rectum of the other. Particles being in motion in 
these parabolas under the action of forces to the respective foci, 
compare the times of moving from L to L'. 

8. A particle describes an ellipse, the center of force 
being situated at any point within the figure. Shew that at 
the point where the true angular velocity is equal to the mean 
angular velocity, the radius vector is a mean proportional be- 
tween the semiaxes. 

9. A body describes a circle to the center of which it is 
connected by a string ; it is attracted to a point in the circum- 
ference by a force varying as the distance ; shew that if the 
string be always kept stretched, the greatest and least velocities 
are in a ratio less than \/s : 1. 

10. A particle moves from any point in the directrix of 
a conic section, in a straight line towards a center of force 

oc — - — - in the nearer focus. Prove that, when it arrives at 
(dist.)* 



the conic section, its velocity « \/ ,-=-- . 

' £ latus rectum 

XXIII. 

1. ACB is an arc of a curve of continued curvature; find 
the ultimate ratio of the area of the triangle formed by joining 
the points A, 2?, (7, to that of the triangle included between the 
tangents at those points. 
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2. Apply Lemma iv. to prove that the area included 
between a hyperbola and the tangents at the vertices of the 
conjugate hyperbola is equal to the area included between the 
conjugate hyperbola and the tangents at the vertices of the 
hyperbola. 

5. A body describes an ellipse about a center of force in 
the focus S, and PP* is a chord parallel to the major-axis; 
shew that the time of describing the arc PP : time of describing 

the whole ellipse :: sin* 1 . — — — : *% 

4. Having given racL of earth - 4000 miles nearly, shew 

(cos 8 \\ 
l j, the earth being 

considered spherical, and G gravity at the pole. 

5. The sides a, b, c of a triangle are composed of matter 
attracting directly as the distance, with an intensity which 
would equal px at the distance a if the whole matter were 
collected at a point : from D, IS, F, the middle points of the 
sides, three particles are projected in the directions DE, JEF, 
FD 9 with velocities v/mc, s/na, \/fib : now if S be the sum 
of the areas of the three orbits, and A be the area of the triangle, 
shew that S = irA. 

6. A particle is attached by an elastic string to a center of 
force of constant intensity, and of such magnitude that it would 
exactly double the length of the elastic string. The string is 
now stretched and the particle projected at right angles to it. 
Shew that the particle will begin to move in an ellipse ; but if 
the velocity of projection be less than the velocity in a circle at 
the same distance, the ellipse will be deserted after a certain 
interval of time. 

In the latter case find the velocity and direction of motion at 
the moment of leaving the ellipse. 
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7. The latus rectum of a comef s parabolic orbit ii equal to 
the diameter of the earth's orbit supposed circular ; if the earth 
describe an arc of its orbit equal to the radius in 58^ days, find 
how long the comet takes to move from one extremity of the 
latus rectum to the other. 

8. Shew that if a body describe an ellipse of very small 
eccentricity under the action of a force tending to a focus, the 
angular Telocity about the other focus is very nearly uniform. 

9. If any number of bodies describe parabolas about a 
common center of force in the focus, the square of the time of 
passing from one extremity of the latus rectum to the other 
varies as the cube of the latus rectum. 

10. The angular velocity of a body describing an ellipse 

whose eccentricity « —7= is 10" an hour at the extremity of the 
V 2 

latus rectum ; find the periodic time. 

11. A perfectly elastic body falls from rest towards a center 
of force varying inversely as the square of the distance, and 
when it has fallen half the distance it is reflected by a plane so 
as to move in a direction making an angle a with its former 
direction ; shew that the eccentricity of the ellipse described is 
cos a. 

12. Shew that the intersection of the string of a cycloidal 
pendulum, which makes complete oscillations with the base of 
the cycloid, moves uniformly along the latter. 

XXIV. 

l. AQ is an arc of continued curvature, AR a tangent 
at A, and of length equal AQ\ shew that QK is ultimately 
perpendicular to the tangent 

newt. s 
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2. If AB t A'Jf, two chords of a curve of equal length, cut 
each other in T, shew that if A'B> approach to and coincide 
with aB t then AT : BT — tana : tan/3, ultimately, where «, 
fi, are the angles that AB makes with the tangents at A and B. 

3. A constant force / acts upon a particle P in the direc- 
tion SP t P is also at the same time attracted towards S with 

a force 77^; shew that if a be the distance PS at the com- 
SP* 

mencement of motion from rest under these forces, the particle 

will move off to infinity, or not, according as a is > or < fxf~*. 

4. When a body describes a parabola about the focus, the 
intersection of its direction with the axis of the parabola moves 
most rapidly when the body is at the extremity of the latus 
rectum. 

5. A particle is describing an ellipse round a force in the 
center, and when it arrives at the extremity of the minor-axis, 
the force is replaced by one which is equal in magnitude at that 
point, but varies inversely as the square of the distance ; shew 

CS* 

that the eccentricity of the new orbit is -— -. 

BC 

6. A body moves in elliptic arcs, about a center of force 
varying as — — — situated in a perfectly elastic plane perpen- 

(Gist* J 

dicular to the plane of the orbits; shew that those arcs are 
portions of similar ellipses whose major-axes are equally inclined 
to the elastic plane, and that the time between the first and third 
impact is equal to that between the second and fourth. 

7. The angular velocities of a body moving in an ellipse 
about a force in the center are 4° and 9° per hour at the extre- 
mities of the major and minor-axes respectively; find the periodic 
time. 

8. Sir John Hersqhel states that the great comet of 1843 
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passed within a distance equal to ^-th of the sun's radius from 
the sun's surface. Taking the sun's diameter as 882,000 miles, 
and the earth's distance from the sun as 95,000,000 miles, find 
the velocity of the comet at perihelion. 

9. AB is the vertical axis of a cycloid, A the highest point, 
AM, AN are the abscissae of points at which a body begins to 
slide down the arc of the cycloid, and at which it leaves the 
curve ; prove that N is the middle point of MB. 

10. A particle moves in a smooth elliptic tube, at the foci 
of which are situated two centers of force of unequal intensity, 
the one attracting and the other repelling, according to the law 
of the inverse square ; find the pressure. Shew that there exists 
a certain circle, such that a particle placed anywhere on its cir- 
cumference, and abandoned to the free action of the forces, will 
describe an ellipse having those centers of force for the foci. 

11. A body acted on by a central force which varies in- 
versely as the square of the distance, is constrained to move in 
a circle whose radius is o, and center is at distance 6 from the 
center of force ; it is projected with velocity V from the nearer 
extremity of the diameter which passes through the center of 
force; shew that, in order that it may complete the circuit, 

2/A 2/UL 



V s must at least 



a - b a + b 



XXV. 

1. In a curve are placed two chords AB, AG\ and BC is 
parallel to the tangent at A ; prove that when B, move up to 
A, AB and AC are ultimately in a ratio of equality. 

2. If a line move parallel to the base of a cycloid, find the 
limiting ratio of the segment of the cycloid to the co ™ e *^?*T\ 
ing segment of the generating circle, as the line becomes inkmt* y 
near to the vertex. rt 
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S. If v and v be the velocities at extremities of chord 

^«w . ,_ * * A ASP 

PS? in parabola -? - cot — - . 

4. A heavy particle is projected horizontally from any 
point in the interior of a surface of revolution, whose axis is 
vertical ; the velocity being that due to the height, above a given 
horizontal plane, of the point of projection, find the form of the 
surface so that the particle may always remain in the horizontal 
plane of projection. 

5. A planet and a comet moving in the same plane have 
the same periodic time ; shew that if the planet's orbit be a 
circle the ratio of the time during which the comet is beyond 
the orbit of the planet : the time during which it is within the 
same must be > 1 and < 4.50388. 

6. The velocity generated by gravity in a free body at the 
earth's surface being 32 feet per second, the earth's radius 
being 4000 miles, and the moon's mean distance from the earth 
60 x the earth's radius, find approximately the number of days 
in the moon's period. 

7. Different bodies are projected about a center of force 
cc (disk)" 2 with the velocity acquired in falling from an infinite 
distance to the common point of projection; shew that the envelope 
of all the orbits is a sphere. 

8. A body falls from a distance and towards a center of 
force C, force varying as the distance. When it has described a 
space | a it impinges at an angle of 45° on a perfectly elastic 
plane and is reflected. Shew that the semiaxis of the orbit 
subsequently described will be acos^Tr and asin^-7r. Sup- 
pose that the body again impinges on the same fixed reflecting 
plane, shew that it will be reflected to the center, and that time 
of arriving at the center : time of falling directly to it :: 3:1. 
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9; Suppose e to be the elasticity of the plane in the last 
problem, prove that, if the angle of incidence - tan" 1 vi the 
subsequent orbit will have its axis major or minor in the direc- 
tion in which the body was originally falling, according as the 
distance from the center C to the point of impact is 

> or < a \/ . 

10. A body revolves in an ellipse about the focus; its 
angular velocities at the further and nearer apse are respectively 
l° and 16° per hour ; find the eccentricity of the ellipse and the 
periodic time. 

11. A particle describes an ellipse round a force in one 
focus ; at what point of the orbit may a given finite change be 
made in the direction of the motion without changing the 
position of the apse line ? ' 

12. A body describes a parabola about the focus ; if the 
segments PS, Sp of the focal chord PSp be in the ratio n : 1, 
prove that the time of describing pAP 

. 2 (AS)* ( r- 1 \ 3 

IS. If P be a point in a cycloid and O the corresponding 
position of the center of the generating circle, shew that PO 
touches another cycloid of half the dimensions. 

XXVI. 

1. ABC is a right-angled triangle, whose hypothenuse is 
constant; prove that if AB, ab be two portions of the hypo- 
thenuse, intersecting at P, 

triangle PAa : triangle PBb :: CB* : CA\ ultimately. 

2. Apply the fourth Lemma to shew that the attraction 
of a point S, by a uniform straight rod AB is the same as that 
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of a circular arc of the same substance whose center is S and 
which touches AB and has its bounding radii in SA and SB. 

8. If PQ be an arc of a plane orbit described by a body 
in time T, and any two lines Pm 9 Qm be drawn at right 
angles to each other, then the measure of the accelerating 
effect of the forces at P parallel to these two lines are respec- 
tively 

f . . x Pm ( V.T\ . .. _ Qm ( V. T\ 
2xhmit — (l-— J, andSxhmit — (l - — J 

when PQ and T are diminished indefinitely, V being the velo- 
city at P. 

4. An ellipse and a hyperbola have the same center and 
foci. They are described by particles, under the action of 
forces in the center of equal intensity. If a, a be their semi- 
transverse axes, the square of the velocity of each body at a 
point where the curves cut « fi (a* - a' 8 ). 

5. A particle describes an ellipse about a center of force 
in the focus, and another particle describes the circle upon the 
axis-major about another force in the same point in the same 
periodic time. If the particles start simultaneously from the 
vertex, prove that the line joining them is always perpendicular 
to the axis. 

Also shew that the velocity at any point in the circle is 
inversely proportional to the corresponding focal distance in the 
ellipse. 

6. Find the law of force tending to the pole of the car- 
dioid. 

7. Bodies describing ellipses about a given center of force 
which « (disk) -1 pass through a given point with the velocity 
in a circle at that distance : the locus of the vertices of the 
ellipses is the cardioid, the center of force being pole. 
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8. Two particles move in different planes about a center 
which attracts with a force varying inversely as the square of 
the distance, the one in a circle, the other in an ellipse ; the 
orbits have two points in common, and at either of these points 
the velocity of one particle is to that of the other as n to 1. 
Determine the eccentricity of the ellipse. 

9« A perfectly elastic particle is moving in a circle, under 
the action of a force to the center varying as (dist.)"*, and 
impinges on a plane perpendicular to the plane of motion and 
making an angle of 60° with the radius from the point of im- 
pact. Find the new orbit and the time during which the 
particle is within its former orbit. 

10. Find the axis of the new parabola described if the 
body, supposed perfectly elastic, strike a hard plane interposed 
at any point in its path. 

11. Define angular velocity and mean angular velocity: 
if u, v be the angular velocities at the extremities of the major- 
axis of an ellipse, the center of force being in the focus, find 
the angular velocity at the extremity of the minor-axis. 

12. An ellipse is described about a center of force in the 
focus. A parabola is described with its axis coincident in di- 
rection with the minor-axis, so as to pass through the points 
X, X\ where the axis-major produced meets the directrices, 
the latus rectum being 2ae~K If we draw any line parallel 
to the axis-minor cutting the ellipse in P, the parabola in Q, 
and the axis-major in N, then will QN be the space due to the 
velocity at the point P. 

IS. A body is attached to the end of a string, which just 
winds round the circumference of a circle, in whose center there 
is a repulsive force = M (dist ). Prove that the time o£ unwinding 

- -7=. Abo, find the tension of the string at any time. 
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XXVII. 



1. Shew that the limit of the whole length of the hypo- 
cycloid or epicycloid corresponding to a complete revolution of 
the generating circle is eight times the radius of the fundamental 
circle, when that of the generating circle is indefinitely di- 
minished. 

2. If a, /3 be the greatest and least angular velocities in an 
ellipse described about the focus, the mean angular velocity is 

equal to —7= ^-^. 

S. A particle describes with uniform velocity an equiangular 
spiral whose constant angle is 45° ; shew that its motion may 
result from the attraction of a center of force varying as 

-r— , which itself moves with the same uniform velocity in a 
dist. 

certain other similar and equal spiral. 

4. A body is describing a circle with a uniform velocity v, 
and in a periodic time P ; if a velocity nv be communicated to 
it in direction of the center, shew that a diameter of the circle is 
the latus rectum of the new orbit, and the periodic time in the 
new orbit is - P(l - n*)~*. 

5. Two bodies describing the same ellipse about the same 
center of force in the focus start together from the two ex- 
tremities of the major-axis. The angles which they have de- 
scribed will have the greatest difference, when the area included 
between their distances from the focus is half the area of the 
ellipse. 

6. The velocity of a body describing a hyperbola by the 
action of a repulsive force in the center is at any point the same 
as if it had been repelled to that point in a straight line from 
rest when at a distance from the center = \/a 2 - b*. 
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7. A given quantity of matter, consisting of particles 
which attract with forces varying as the distance, is formed 
into a thin hemispherical shelL Shew that, whatever be the 
size of the hemisphere, a particle placed at a given angular 
distance from the vertex will always reach that point in the 
same time. 

8. A particle moves in an elliptic tube under the attraction 
of a material line joining the foci, each element of which attracts 
with a force varying inversely as the square of the distance. 
Shew that the velocity is constant ; and find the pressure on the 
tube when the particle is at the extremity of the minor-axis. 

XXVIII. 

1. If any number of particles be moving in an ellipse 
about a force in the center, and the force suddenly cease to 

act, shew that after the lapse of ( — j part of the period of 

a complete revolution all the particles will be in a similar, con- 
centric, and similarly situated ellipse. 

2. Find by Newton's method the law of force parallel to 
one of the asymptotes, by which a body may describe an equi- 
angular hyperbola. 

8. If a particle in a smooth elliptic groove, under the 
action of two centers of force in the foci, each varying inversely 
as the square of the distance, the absolute forces being the same, 
be placed at the extremity of the axis-minor, prove that the 
equilibrium will be unstable; but if at the extremity of the 
axis-major it will be stable, and in this latter case, shew that 



the time of a small oscillation is ir 



(£)+,.•£- 
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4. Two bodies of equal man and whose coefficient of elas- 
ticity is £, are revolving in the same ellipse (eccentricity «= ■&), 
but in opposite directions round a center of force in the focus : 
they impinge upon one another at the nearest apse : determine 
the distances at which they will afterwards impinge on each 
other : and shew that the whole time from the first impact to 

their falling into the center of force is — . ,— t 

where p is the least distance at first, and p the absolute force. 

5. A body is projected about a center of force oc (dist.)~* 
perpendicularly to the distance : shew that as the velocity of 
projection is increased the center of the curve moves through 
the center of force to infinity, it then suddenly starts back to 
the other side of the point of projection and goes off to infinity 
in that direction. But when the force « disk the nearer focus 
moves to a given point and then suddenly starts at right angles 
to its previous direction. 

6. Two perfectly elastic balls are moving in concentric 
circular tubes in opposite directions and with velocities propor- 
tional to the radii : at an instant when they are in the same 
diameter and on opposite aides of the center the tubes are re- 
moved and the balls move in ellipses under the action of a force 
of attraction in the common center of the circles varying in- 
versely as the square x>f the distance. After one has performed 
in its orbit a complete revolution and the other a revolution 
and a half, a direct collision takes place between the balls and 
they interchange orbits ; find the relation between the radii of 
the circles and between the masses of the balls. 

7. A body describes an ellipse in a free medium under the 
attraction of two equal forces, one in each focus, varying at 

any point as — , c being the semiconjugate diameter at that 

point : if the medium were to resist with a force varying as any 



GENERAL PROBLEMS. 267 

function of the velocity, the body might be made to describe 
the same ellipse in the same manner by increasing the force 
in one focus and diminishing that in the other by a quantity 

which varies as , , b being the semiaxis-minor. 

8. An attractive force equal to resides in each 

focus of a smooth elliptic groove ; if a particle start from the 
end of the major-axis with a velocity — - — , it will reach the 

end of the minor-axis in a time — ;=• ( 1 J, 

a, 6, e being the semiaxes and eccentricity. 
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RESULTS OP PROBLEMS. 



1. In (l) and (8) the limit is a, in (2) the ratio decreases 
indefinitely. 

2. (l) 8 (2) £. 3. a : 6. 

14. 1 + 1 + + + + adtnf. 

1.2 1.2.3 1.2.3.4 J 

15. 1. 

II. 

6. The distance from the base is £th of the height. 

9. The mass is -L_ of the homogeneous circle whose 

m + 2 ° 

density is equal to that of the given circle at the circumference. 

7T& 4 

10. — is the volume generated by the closed portion. 

III. 

5. Jrd of the mass of an equal homogeneous rod of density 
the same as at the extremity of the given one. 

6. £th of the cylinder of equal height on the same base. 

IV. 

7. The angle between the curve and radius must be the „ 
same in both. 

VII. 
2. Where the curve is made to pass through A. 
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6. The curve is a parabola* passing through A, vertex at 
a distance a below AK 9 and its axis at an unit of distance from 
A meeting KA produced, latus rectum is. a" 1 , space is \a (3t*+fi). 

7. The relation between the abscissa and ordinate is the 
same as between the arc and sine of the arc of a circle. 

8. (vel.)* at Jf - M (SM * - SA*). 

io. yL=. 

VIII. 
6. AD passes through the center of curvature ultimately. 

IX. 

1. The fixed point is in UA produced at a distance from 
A equal to AU. 

2. If through the point of the circle a chord of a quadrant 
be drawn, the directrix is parallel to this chord, the focus in the 
point of quadrisection, and the latus rectum is half the chord. 

3. The focus of the parabola is in the base of the cycloid. 

4. 1 : 2. 5. See Art. 88. 

X. 

2. The direction is not changed, but the curvature is 
changed in the ratio of new force to the old. 

3. At the extremities of the minor and major axes. 

y /"" - - 1 — 1» w 

10. 87T + 3VS : 47T-3\/3. 11. .-. 

1 + Wl 2 

12. See page 64. 16. Employ the auxiliary circle. 
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XL 

2. l^—r) • 8. areas «= (dist.)-*. 4. 108 tt* : g. 

6. The day is shortened in the ratio of 17 : l nearly. 

7. V*=8FR. 

XIII. 
1. Ox^Q*. 

3, The velocity generated by the impulse « (-jjr ) » — t 
(a) being the angular velocity before the impulse). 

W 



4. Cos 



U 2^7' 



5. AM, AN absciss® of point from which the body falls 
and the point at which the pressure is required, NQ ordinate of 
generating circle ; pressure ; weight :: BN + MN : BQ. 

7. 2 a « length, b « greatest depth, 

tension : weight :: a a +26 8 : 2o6. 

9. See Art. 119. 

10. Normal force whose accelerating effect = — ^=— . 

XIV. 

1. Pf.S t P\PVf : P*.SF*.PV\ 

3. The unit of time is that which is employed in fixing the 
measure of the accelerating effect of the force. 

XVII. 

2. Let the change take place at A, C the center. 



— .^ 
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(1) The semiaxes are CA and — ?=. . CA. 

V n 

(2) The semiaxes are CA and n . CA. 

(3) The orbit is a rectangular hyperbola, vertex at A. 

(4) The axes are {y/l + 1) CA, and (v/5 -1) CA, 
and the inclination of the major-axis to CA = ^sec" 1 \/5. 

4. The new axes are CA and 2CX 

5. If JBC be the semiminor-axis, this is one of the axes of 

m - em' .„ m (l + e) . ^ 

each orbit, and the others are 7 . AC, - • AC. 

m + m m + m 

6. If fxmD be the measure of the accelerating effect of the 

2tt 
attraction of a mass m at a distance D, time = — . 

V /mm 

11. The point of projection corresponding to the greatest 
ellipse is the point of bisection of CA. 

XVIII. 

1. £. 5. c « perihelion distance of comet, a » radius 

of earth's orbit, time « (o + 2c) (a - c)i « \/2a*, if 2c = a, 
and 2a 8 - (a + 2c) 8 (a - c) » (a + c) (a - 2c) 9 > 0. 

6. About 22£ days. 7. About an hour. 

8. The angles of the auxiliary circles corresponding to the 
point of intersection of the two orbits are 30° and 60°, whence it 
is easily shewn that the ratio required is y/s(3 + 27r) : 8ir - 9. 

9. The transverse axis is the semi latus rectum, and is per- 
pendicular to the axis of the parabola, and eccentricity « y/s. 

10. The locus is a circle, whose center is the middle point 
of the distance. 
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11. The new orbit is a hyperbola, transverse axis « semi- 
major-axis of the ellipse, eccentricity = y/y - 8e\ With the 
given relation the point at which the change takes place is the 
extremity of the latus rectum. 

CA 

14. 39 days nearly, 16. semimajor-axis « - . 

XIX 

1. ^. 7. sin 2 0. 4 0. 8. 4 miles 7 yards. 

XX. 

1. The required ratio is that of the sides. 2. \\Z%. 
7. a-£(\/s + l)c, ft-^Os/i-lJc, ■dt-15®. 

XXL 

5. A straight line passing through the intersection of the 
tangents and making with them angles whose sines are inversely 
proportional to the velocities. 6. One day. 10. The body 
starting from a given distance from the horizontal diameter, 
leaves the curve at two-thirds of that distance. 

XXII. 

1. m : n the given ratio, the required ratio is (m + n) 3 
: 3mn. 2. 1:2. 3. w* x distance. 5. Latus rectum = 
twice the distance, and the axis is perpendicular to the distance. 

6. £ 7T . v/IT. 7. 2 y/z : l. 

XXIII. 

1. 2:1. 6. c the initial, a the natural length, / the 
force, u the velocity of projection in the latter case, v, a the 

f cu 

required velocity and angle, v* = - (c* - a 2 ) + w*. Sin a = — . 

7. 78 days. 10. 10800 \/H days. 
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XXIV. 

1. Let QT tangent at Q meet AR in T, on AR measure 
Aq equal to chord AQ and Tr = TQ; now arc AQ > chord AQ 
and < A T + TQ, .\ JiZ > J? and < Ar 9 .\ QR is between Qq, 
Qr each of which is ultimately perpendicular to the tangent, 
.-. QR is so. 7. 60 hours. 8. 866 miles per second. 10. In 
page 165, writing - fi for //, the reaction R vanishes if 
pHO* = fx'S0 % , /. locus of O is a circle. 

XXV. 

2. 2:1. 4. A paraboloid of revolution. 6. — v'Ho. 

10. f. 112.5 hours. 11. If /3 be the finite change, and 

a (1 - e 8 ) 
PM perpendicular to the axis, HPM= /3, HP - — - — r-~ . 

XXVI. 

6. Force « (diet.) 4 . 8. «* - n* - 1. 

9. a ■> radius, axis-major ■ 2 a and is inclined at 30° to the 

/- . a * /~\ 

radius, eccentricity = ^ v 3, time required « ^ (ir - v s). 

10. The angle between the axes is four times that between 

4wt? 

the plane and tangent. 11. — 7= 7-— . 

(N/U + y/v) 9 

13. T-m.SaM**. 

XXVII. 

3. The path of the center of force is the evolute of the 
given spiral 

7. Shew that the accelerating effect of the force on the 
angular motion is the same at the same angular distance. 

nbwt. T 
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8. If — be the accelerating effect of the attraction of an 

unit of mass collected in a point upon a body at a distance JD, 
n the number of units of mass in the material line, W the weight 
of the body, v its velocity, the pressure on the tube 

rv 2 b fin\ 
\a*g abg) ' 



-TFx 



XXVIII. 

1. The ellipse is the locus of the angular points of the 
circumscribing parallelogram whose sides are parallel to conjugate 
diameters: the semi-axes are ay/z, by/%. 

2. The force varies as the cube of the distance from the 
asymptote to which the force acts perpendicular. 

. 3. If <p be the inclination of the normal at a point P near 
A, shew that the force in the tangent has an accelerating effect 

A. itQQF ft A "P 

. 4 . sin (j> 9 and <p = * , then proceed as in Art. 8 of 
Appendix II. % 

4. Shew that at every impact the major-axis is diminished 
to £th, that the eccentricity is unaltered, and that the greatest 
distance in each orbit is the least in the preceding. The dis- 
tances at which they impinge are p, \p 9 ^p, -£%p t &c. 

6. The masses are equal, and if r, 8 be the radii of the 

. , r 3 s /2\t 

circles — — 



f* 8 /2\* 

?~r ml -\]i) ' 



7. The motion being the same in both cases, the velocity 
in the resisting medium is constant, and therefore the resistance 

constant also. Hence, shew that ^ =*=/ being the two new focal 

c 

forces, / cos a is constant, and thence deduce the result. 
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8. If PP' be an arc described in a small time, PMQ, 
Q'P'M* common ordinates for the ellipse and auxiliary circle, 
DN that of the extremity of the conjugate diameter to CP; 
shew that velocity at 

P - -t^ft > or ~=r . t^ - * parallel to AC. 

CD CD CD CD 1 * 

± . . __, MM 9 CD* MM' e?QM* + b* 

/. time ui Fir « — t= • ^>_ «= — t= . tttz — 9 

and making the summation from A to B, 

2 (JlfJlT . QM) - ™\ and 2 ffi£) - 2 ^ - J , ultimately ; 

. - „ n 1 /woV „ w\ ira* / e*\ 
.-. timefrom^f to B - — 7= + 6*.- = — 7= 1-- • 
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of " Demosthenes de Corona." 8vo. cloth, 7s. 6d. 
••A goodly text, with English notes and an informing Introduction. To these Mr* Drake ha*. 
added an English version, which more than conveys to the reader an idea of the action of the- 
piece and the weight of the sentiments. The Choruses are free, animated, and poetical."— 
Spectator, April 33, 1853. 

"AL-ADJRUMIIEH."— Elementary Arabic Grammar, with a 

Translation. By J. J. S. PEROWNE, M.A. Fellow of Corpus Christi College, 
Cambridge, and Lecturer in Hebrew in King's College, London. 8vo. cloth, 5*. 

ANTHOLOGIA Latina Selecta. 

In 2 vols. Small 8vo. 

Vol. I. — Containing select Epigrams of Catullus, Virgil, Claudian, Ausonius, 

with others from the Anthologia Latina. 
Vol. II.— Containing select Epigrams of Martial. 

Edited with English notes, by J. E. B. MAYOR, M.A., Fellow and Classical 
Lecturer of St. John's College, Cambridge, Editor of Juvenal. 

{Preparing. 

ARISTOPHANES. The Greek Text revised, with a Com- 
mentary. By W. G. CLARK, M.A., Fellow and Assistant Tutor of Trinity 
College. [Preparing. 

ARISTOTELES de Rhetorica. The Greek Text, with English 

Notefi. By A Fellow of Tkinity College. [Preparing. 

BACON AND RALEIGH— Lord Bacon and Sir Walter 

Raleigfr: Critical and Biographical Essays. By MACVET NAPIER, Esq. 
late Editor of the Edinburgh Review and of the Encyclopedia Btitannica. Post 
8vo. cloth, 7*. 6<*. 

44 Both Essays exhibit a very remarkable combination of judgment and painstaking research. 

The Essay on Raleigh is likely to be more interesting to the majority of readers, and is 

perhaps the most discriminating sketch of its snbjeet to be met wlth»"— Athenawm. 

BOLTON'S Evidences of Christianity. 

The Evidences of Christianity as exhibited in the Writing* of its Apologists' 
down to Augustine. An Essay which obtained the Hulsean Prize for the' 
Year 1852. By W. J. BOLTON, of Gonville and Caius College, Cambridge. 
8vo. cloth, 6«. 
" Deserves to become a text-book on the subject,"— Christian Remembrancer, ivi% % 1833. 

BOOLE.— The Mathematical Analysis of Logic. 

By GEORGE BOOLE, Professor of Mathematics, Cork. 8vo. sewed, 5*. 



I MACMIUAN fc CO.'S PUBLICATIONS. 

BUTLER (Professor Archer).— Sermons, Doctrinal and Prac- 
tical. By the Rev. WILLIAM ARCHER BUTLER, M.A. late Professor 
of Moral Philosophy in the University of Dublin. Edited, with a Memoir of 
the Author's Life, by the Rev. Thomas Woodward, M.A. Vicar of Mullinffar. 
With Portrait. Second Edition. 8vo. cloth lettered, 12*. 
*' TImm Sermons present a richer combination of the qualities for sermons of the first class 

than we here met with la any living writer discrimination and earnestness, beauty and 

power, a truly philosophical spirit Tbejr are models of their kind."— British Quarter*. 
•• A baming and shlniai light."— Bishop e/Javfer. 

BUTLER (Professor Archer).— A Second Series of Sermons. 

Edited from the Author's Manuscripts, by J. A. Jkbjemie, D.D. Regius 
Professor of Divinity in the University of Cambridge. [Preparing. 

BUTLER (Professor Archer).— Lectures on the History of 

Philosophy. Prom the Earliest Times till the Neoplatonists. By the 
Rev. W. ARCHER BUTLER, late Professor of Moral Philosophy in the 
University of Dublin. Edited, from the Author's Manuscripts, by W. H. 
Thompiok, M.A. Fellow of Trinity College, and Regius Professor of Greek 
in the University of Cambridge. 2 vols. 8vo. [In November. 

BUTLER (Professor Archer).— Letters on Romanism, in 

Reply to Mr. Nxwm ah's Essay on Development. 8vo. cloth, 10*. &d. 

" A work which ought to be in the library of every student of dMnlty. N — IKsfces e/«. David's. 
•• Admirable."— Dr Wordsworth. 
• Establish Mr. Butler's reputation as an eminent divine and profound thinker. "—.fin* as* 



CAMBRIDGE.— Cambridge Theological Papers. Comprising 

those given at the Voluntary Theological and Crosse Scholarship Examina- 
tions. Edited, with References and Indices, by A. P. MOOR, M.A. of Trinity 
College, Cambridge, and Sub-warden of St. Augustine's College, Canterbury. 
8vo. cloth, 7s. 6d. 

CAMBRIDGE PROBLEMS.— Solutions of the Senate-House 

Riders for Four Years (1848 to 1851). By the Rev. F. J. JAMESON, M.A. 
Fellow of Caius College, Cambridge. 8vo. cloth, 7*. 6d. 

CAMBRIDGE PROBLEMS.— Solutions of Senate-House 

Problems for Four Years (1848 to 1851). By N. M. FERRERS, and Rev. 
J. S. JACKSON, Fellows of Caius College, Cambridge. 8vo. cloth, 15*. 6<*. 

CAMBRIDGE PROBLEMS, 1854,-Solutions of the Pro- 

blems proposed in the Senate House Examination, January 1854. By the 
Moderators (W. WALTON, M.A. Trinity College, and C. F. MACKENZIE, . 
M.A. Fellow of Caius College). In 8vo. cloth, 10*. Bd. 

CAMBRIDGE IN THE SEVENTEENTH CENTURY: 

Part. I. containing— Lives of Nicholas Fxrsar, Fellow of Clare Hall, and 
Matthkw Robin sow, Fellow of St. John's College. Edited, with Notes, 
from the MSS. in the Public Library and in St. John's College, by J. E. B. 
MAYOR, M.A. Fellow and Assistant Tutor of St. John's College. Fcp. 8vo. 

{In the Prnt. 



' MACMILLAN & CO.»S PUBLICATIONS. * 

CAMBRIDGE.— Cambridge Guide: Including Historical and 

Architectural Notices of the Public Buildings, and a concise Account of the 
Customs and Ceremonies of the University, with a Sketch of the Places most 
worthy of Note in the County. A New Edition, with Engravings and a Map, 
12rao. cloth, 5s. 6d. 

CAMBRIDGE FITZWILLIAM MUSEUM.-A Hand-Book 

to the Pictures in the Fitzwilliam Museum, Cambridge. Crown 8vo. sewed, 
1*. 6d. ; or in cloth elegant, 2s. Bd. 

CAMBRIDGE.— Cambridge Mathematical Journal. Vol. I. 

Second Edition, 8vo, cloth, IS*. 

CAMBRIDGE.— Cambridge and Dublin Mathematical Journal. 

Eight Vols. 8vo. cloth, 6/. 8*. 

CICERO.-Cicero on Old Age, literally Translated by an M.A. 

12mo. sewed, 2s. Bd. 

CICERO.— Cicero on Friendship, literally Translated by an 

M.A. 12mo. sewed, 2s. Bd. 

CLARK— Aristophanes, a revised Text with a Commentary 

by W. G.CLARK, M.A. Fellow and Assistant Tutor of Trin. Coll. Cambridge. 

[Preparing, 

COLENSO.— Village Sermons. By the Right Rev. JOHN WIL- 

LIAM COLENSO, D.D. Lord Bishop of Natal. Second Edition. Fcp. 8vo, 
cloth, 2s. Bd. 

COOPER— A Geometrical Treatise on Conic Sections. By 

the Rev. J. E. COOPER, M.A. late Fellow of St. John's College, Cambridge. 

[Preparing. 

DAVIES AND VAUGHAN.-Plato's Republic. 

A New Translation into English, with an Introduction and Notes. By two 
Fellows of Trinity College, Cambridge, (the Rev. D. J. VAUGHAN, M.A, 
and the Rev. J. LL. DAVIES, M.A.) Crown 8vo. cloth, It. 6d. 
«* A really good, by which we mean a literal and elegant, translation. "—Spectator. 

DEMOSTHENES.— Demosthenes de Corona. 

The Grtek Text, with English Notes. By BERNARD DRAKE, M.A. 
Fellow of King's Coll. Cambridge, Editor and Translator of the " Eumenides 
of &schylus." Crown 8vo. cloth, 5s. 
" A neat and metal edition."— Athmmum. 

DEMOSTHENES. — Translation of Demosthenes on the 

Crown. By the Rev. J. P. NORRIS, M.A. Fellow of Trinity College, Cam- 
bridge, and one of Her Majesty's Inspectors of Schools, Cloth, 3«. 

" The best translation that we remember to have teen."— Lit. OaMetU. 

" Admirably representing both the sense and style of the original. H — Athenarum. 
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DRAKE.— Notes Explanatory and Critical on the Books of 

Jonah and Hosea. By the Rev. W. DRAKE, M.A. late Fellow of St. John's 
College, Cambridge. 8vo. cloth, 9s. 

DRAKE— JEschyli Eumenides. 

The Greek Text with English Notes : with an Introduction, containing an 
Analysis of C. O. M tiller's Dissertations; and an English Metrical Transla- 
tion. By BERNARD DRAKE, M.A. Fellow of King's College, Cambridge, 
Editor of " Demosthenes de Corona." 8vo. cloth, Is. 64. 

EUCLID.— Enunciations and Corollaries of the Propositions 

of the First Six Books of Euclid, together with the Eleventh and Twelfth. 
18mo. sewed, 1*. 

EVANS.— Sonnets on the Death of the Duke of Wellington, 

by SEBASTIAN EVANS. 8vo. sewed, Is. 

FROST.— The First Three Sections of Newton's Principia. 

With Notes and Problems in illu»tration of the subject. By PERCIVAL 
FROST, M.A. Ute Fellow of St. John's College, Cambridge, and Mathe- 
matical Lecturer of Jesus College. Crown 8yo. cloth, 10*. 6d. 

FROST .— Thucydides, Book VI. The Greek Text, and English 

Notes: with a Map of Syracuse. By PERCIVAL FROST, Jun. M.A. late 
Fellow of St. John's College, Cambridge. 8vo. cloth, 7s. 6d. 
** Done Id a highly satisfactory manner."— Athenaum. 

GODFRAY.— An Elementary Treatise on the Lunar Theory. 

With a brier Sketch of the History of the Problem up to the time of Newton. 
By HUGH GODFRAY, B.A. of St. John's College, Cambridge. 8vo. doth, 
5s. 6rf. 
" Ai an elementary treatise we think it may justly claim to supersede all former ones.** — 
PhUetopAical MagaMiru, June 1853. 

GRANT— Plane Astronomy. 

Including Explanations of Celestial Phenomena, and Descriptions of Astrono- 
mical Instruments. By the Rev. A. R. GRANT, M.A. Fellow of Trinity 
College, Cambridge. Svo. boards, 6*. 

GRIFFIN— The Theory of Douhle Refraction. By W. N. 

GRIFFIN, M.A. late Fellow and Assistant Tutor of St. John's College, Cam- 
bridge. 8vo. sewed, 2*. 

HALLIFAX.— Bishop Hallifax's Analysis of the Civil Law. In 

which a comparison is occasionally made between the Roman Laws and those 
of England. A new Edition, with alterations and additions, being the heads 
of a Course of Lectures publicly delivered in the University of Cambridge, by 
J. W. GELDART, LL.D. 8vo. bds. 8*. 6d. ; interleaved, 10*. 64. ; double in* 
terleaved, 12*. 6d, 
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HARDWICK. -A History of the Christian Church, during the 

Middle Ages. By the Rev. CHAS. HARDWICK, M.A. Fellow of St. Catha- 
rine's Hall, and late Cambridge Preacher at the Chape) Royal, Whitehall 
Author of " A History of the XXXIX. Articles." With Four Maps con- 
structed for this Work by A. KEITH JOHNSTON, Esq. Crown 8vo. cloth, 
10*. 6d. 
" Mr. Hardwiek is to be congratulated on the successful achievement of a difficult task." ; 
Christian Remembrancer, Oct. 1853. 

*«* This is part of a Series of Theological Manuals now in progress. 

HARDWICK.— Twenty Sermons for Town Congregations. By 

the Rev. CHAS. HARDWICK, M.A. Fellow of St. Catharine's Hall, Cam- 
bridge. Crown 8vo. cloth, 6*. 6d. 

HARDWICK.— A History of the Christian Church during the 

Reformation. By the Rev. CHAS. HARDWICK, M.A. Fellow of St. Catha- 
rine's Hall, Cambridge. [Preparing. 

*»* This is part of a Series of Theological Manuals now in progress. 

HELLENICA; or, a History of Greece in Greek, beginning 

with the Invasion of Xerxes ; as related by Diodorus and Thucydides. With 
Explanatory Notes, Critical and Historical, for the Use of Schools. By 
J. WRIGHT, M.A. of Trinity College, Cambridge, and Head Master of Sutton 
Coldfield Grammar School. 12mo. cloth, 3*. 6d. 

*»* The book is already in use in Rugby and other schools. 

" The Notes are exactly of that illustrative and suggestive nature which the student at the 
commencement of his course most stands in need of, and which the scholar, who is also an 
experienced teacher, alone can supply."— Educational Timet, April, 1853. 

" A good plan well executed."— Guardian, April 13, 1853. 

HEMMING.— An Elementary Treatise on tfye Differential 

and Integral Calculus. For the Use of Colleges and Schools. By G. W. 
HEMMING, M.A. Fellow of St. John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. cloth, 9*. 

*«* This edition has been carefully revised by the Author, and important alter- 
ations and additions have been introduced for the sake of rendering the work, more 
available for school use. 

*' There is no book In common use from which so clear and exaet a knowledge of the 

principles of the Calculus can be so readily obtained. n —Liu Gaxette. 
" Merits our highest commendation."— Englit h Journal of Education, March, 1853. 

HERVEY.— The Genealogies of our Lord and Saviour Jesus 

Christ, as contained in the Gospels of St. Matthew and St. Luke, reconciled 
with each other and with the Genealogy of the House of David, from Adam to 
the close of the Canon of the Old Testament, and shown to be in harmony with 
the true Chronology of the Times. By the Lord ARTHUR HERVEY, M.A. 
Rector of Ickworth with Horringer. 8vo. cloth, 10*. 6d. 

" We dbmmend Lord Hervey's book to our readers as a valuable storehouse of information on 
this important subject, and as indicative of an approximation towards a solution of the difficul- 
ties with which it is betel.*— Journal of Sacred Literature. 
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HOWES— A History of the Christian Church daring the First 

Six Centuries. By J. G. HOWES, M.A. Fellow of St. Peter's Coll. Camb. 

[Preparing. 
*»* This is part of a series of Theological Manual* now in progress. 

HUMPHREYS— Exercitationes Iambicae; or, Progressive 

Exercises in Greek Iambic Verse. To which are prefixed, the Rules of Greek 
Prosody, with copious Notes and Illustrations of the Exercises. By E. R. 
HUMPHREYS, LL.D. Head Master of the Cheltenham Grammar School. 
Second Edition. Fcap. cloth, 5*. M. 

•• A very useful work."— English Journal of Education. 

" Excellently adapted for the purpose for which they are designed."— Rev. Dr. JfeterJy, Hstut 
Matter rf Winchester College. 

** An Interesting and highly useful little work."— Dr. !**». Pro/essor of Greek in the University 
o/ Dublin. 

HULBERT.— The Gospel Revealed to Job: or Patriarchal 

Faith and Practice illustrated. By C. A. HULBERT, M.A. 8vo. cloth, 12*. 

JAMESON.— Solutions of the Senate-House Riders for Four 

Years (1848 to 1851.) By the Rev. F. J. JAMESON, M.A. Fellow or Caiua 
College, Cambridge. 8vo. cloth, 7s. 6d. 

JEWELL.— An Apology of the Church of England, and an 

Epistle to Seignior Scipio concerning the Council of Trent, translated from the 
original Latin, and illustrated with Notes, chiefly drawn from the Author's 
" Defence of the Apology." By A. T. RUSSELL. Fcp. 8vo. bds. 5s. 

JUSTIN MARTYR.— S. Justini Philosophi et Martyris 

Apologia Prima. Edited, with a corrected Text, and English Introduction 
and explanatory Notes, by W. TROLLOPE, M.A. Pembroke College, Cam- 
bridge. 8vo. bds. 7s. 64. 

JUSTIN MARTYR.~Justin Martyr's Dialogue with Trypho 

the Jew. Translated from the Greek Text, with Notes, chiefly for the ad- 
vantage of English Readers. A preliminary Dissertation and a short Analysis. 
By HENRY BROWN, M.A. 8vo. bds. 9«. 

JUVENAL —Juvenal : chiefly from the Text of Jahn. 

With English Notes for tbe Use of Schools. By J. E. B. MAYOR, M.A. 
Fellow of St. John's College, Cambridge. Crown 8vo. cloth, 10j. 6d. 

" A school edition of Juvenal, which for really ripe scholarship, extensive acquaintance with 
Latin literature, and familiar knowledge of continental criticism, ancient and modern, Is un- 
surpassed, we do not say among English school books, but among English editions generally." 
—Edinburgh Review. 

" Intended for use in schools ; and well Sited for Its purpose, but also worthy of a place in the 
library of more advanced students. Rich In useful facts and good authorities."— Atketuntm. 
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KINGSLEY— Alexandria and Her Schools: being Four Lec- 
tures delivered at the Philosophical Institution, Edinburgh. With a Preface. 
By Rev. C. KINGSLEY, Canon of Middleham, and Rector of Eversley; Author 
of " Phaethon." Crown 8vo. cloth, 5a. 



" A series of brief but brilliant biographical and literary sketches, interspersed with e 
of the closest modem or rather universal application ; and slight as the book is if considered as 
an attempt to add to our knowledge of the facte of the subject it treats, it will, from the earnest- 
ness, feeling, and imagination of the writer, do fat more towards giving the general public 
a tiring conception of those facts than any mere manual or resume of systems. 1 * — Spectator. 

KINGSLEY.— Phaethon; or Loose Thoughts for Loosfe 

Thinkers. By the Rev. CHARLES KINGSLEY, Canon of Middleham and 
Rector of Eversley; Author of " The Saint's Tragedy," &e. Second Edition. 
Crown 8vo. boards, U. 

" The Dialogue of Phaethon has striking beauties viewed apart from its expressed reference 
. to this modern form of heresy; and its suggestions may meet half way many a latent doubt, and, 
like a light breeze, lift from the soul clouds that are gathering heavily, and threatening to settle 
down in wintry gloom on the summer of many a fair and promising young We."— Spectator. 

" We eordially welcome Mr. Kingsley into the field of discussion on whleh he hat here 
entered. It is one in which he is capable beyond most of doing the state some service."— 
British Quarterly. 

LATHAM.— Geometrical Problems in the Properties of Conic 

Sections. By H. LATHAM, M.A. Fellow and Tutor of Trinity Hall. 8vo. 
sewed, 3t.6d. 

LE 6AS. Prize Essay. 

1849. SCOTT (C. B.) 2*. 6<?. 

LETTERS from Italy and Vienna. 

Small 8vo. cloth, 5*. 6d. 

" Living and life-like."— Spectator. 

" Since Mr. Matthew's well-known and ever-fresh Diary of an Invalid, we have n6t*met with 
a more pleasant and readable volume.*' — English Churchman. 

LUND.— A Short and Easy Course of Algebra. 

Chiefly designed for the use of the Junior Classes in Schools, with a numerous 
collection of Original easy Exercises. By the Rev. T. LUND, B.D. late 
Fellow of St. John's College, Cambridge. Second Edition. 12mo. cloth, 8*.<M. 
" His definitions are admirable for their simplicity and clearness.**— Athenantm. 

LUND.— A Key to the Exercises contained in the "Short and 

Easy Course of Algebra." 12mo. limp cloth, 5*. 

LUSHINGTON.-Points of War, I. H. III. IV. 

By FRANKLIN LUSHINGTON, Fellow of Trinity College, Cambridge. 
Second Edition, crown 8vo. sewed, 6d. 

" Pour most striking little poems.'*— Christian Remetnbrancer. 
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MACKENZIE.— The Beneficial Influence of the Clergy during 

the first Thousand Yean of the Christian Era. By the late HENRY 
MACKENZIE, B.A. Scholar of Trinity College, Cambridge. Crown 8vo. 
cloth. [In tke Press. 

M'COY. — Preparing tor Publication; to be completed in about Five Parts, 
price 5a. each, forming One Volume 8vo. of about 500 pages, with nearly 1,000 
illustrations in the text, drawn and engraved by the Author, 

A Manual of the Genera of British Fossils. 

Comprising Systematic Descriptions of all the Classes, Orders, Families, and 
Genera of Fossil Animals found in the Strata of the British Isles ; with 
figures of all the Generic Types. By FREDERICK M'COY, F.G.S., Hon. 
F.C.F.S., Professor of Natural History in the University of Melbourne, Author 
of "Characters of the Carboniferous Limestone Fossils of Ireland," " Synopsis 
of the Silurian Fossils of Ireland," one of the Authors of " Sedgwick and 
M 'Coy's British Palseoxoie Rocks and Fossils," &o. 

M'COY. — Preparing for Publication, in One Yolume, crown 8vo. with numerous 
Illustrations, 

An Elementary Introduction to the Study of Palaeontology. 

With numerous Figures illustrative of Structural Details. 

*»* This little Work is intended to supply all that elementary information on the 
Structure of Fossil Animals, with reference to the most nearly allied existing: 
types, illustrated explanation of technical terms, &c. which the beginner may 
require, but which would be out of place in the Author's systematic volume 
on the Genera. 

M'COY— Contributions to British Palaeontology; or, First De- 
scriptions of several hundred Fossil Radiata, Articulata, Mollusca, and Pisces, 
from the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. 8vo. cloth, 9*. 

%* This forms a complete Series of the Author's Papers from the "Annals of 
Natural History." 

M'COY AND SEDGWICK'S British Palaeozoic Fossils. 

Part I. 4to. sewed, 16*. 



Part II. 4to. sewed, 10s. 
Part III. just ready. 



MAURICE.— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. By FREDERICK DEN1SON MAURICE, M.A. Chaplain of Lincoln's 
Inn. Crown 8vo. cloth, 9«. 
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MAURICE.— Lectures on the Ecclesiastical History of the 

First and Second Centuries. 8vo. cloth, 10*. 6rf. 

" His point of view is so thoroughly human, the philosopher and the man predominate so 
completely over the antiquarian and the controversialist, that a student will really derive from 
him a mueb better and truer conception of the early Church than from most professedly complete 
narratives. We hare never read a Church History In which the ordinary points of controversy 
were more subordinated, and yet we know none in which the importance of the Catholic doctrine 
and discipline is more clearly brought out. We find the heretics In this book intelligible beings, 
enter into their struggles of intellect and conscience ; are led to see how they deviated from 
Catholic belief, under what temptations, and in search of what objects."— Spectator. 

" Church History comes to us with advantage from the pens of men who write thus with hearts 
full of liberal and Christian feeling, and with minds trained to philosophical contemplation. 
The subject is one full of life and fire ; everywhere it ought to inspire the deepest interest ; and 
there is no reason why it should be offered to the public only in the shape of prosy dissertations. 
This any man will understand who reads the present volume." — Examiner. 

" Nevertheless, in spite of every drawback and objection, this volume has such decided merits 
that it may be safely recommended to theologians, and for lay readers it is the best introduction 
to the study of Ecclesiastical History with which we are acquainted. n — Clerical Journal. 

MAURICE.— Lectures on Modern History and English 

Literature. [Prepaying. 

MAURICE.— Law's Remarks on the Fable of the Bees, with 

an Introduction of Eighty Pages by FREDERICK DENISON MAURICE, 
M.A. Chaplain of Lincoln's Inn. Fcp. 8vo. cloth, 4s. 6d. 

"This introduction discusses the Religious, Political, Social, and Ethical Theories of our 
day, and shows the special worth of Law's method, and how far it is applicable to our cir- 
cumstances. " 

MAURICE.— Letter to Dr. Jelf, on the meaning of the word 

Eternal, and on the Punishment of the Wicked. Fifth Thousand. With a 
Final Letter to the Council of King's College, and a Preface of Seven Pages 
in answer to Dr. Jelf 's Preface to the Third Edition of his Reasons, &c. 
8vo. sewed, 1*. 

MAURICE.— The Prophets and Kings of the Old Testament. 

Crown 8vo. Second Edition. [Nearly ready. 

" No statesman, no politician, no student of history, can fail to derive instruction from this 
volume." — Spectator, Jan. 22. 

" Whatever obscurity there may be in our author's other writings, here at least there is none. 
We cannot but rejoice that it is so, and that thus so much that is true and valuable becomes 
popular. "—Scottish Ecclesiastical Journal. 

" Evince not merely undiminished but increased intellectual power. The tone is practie 
and healthy."— English Review, April, 1853. 

" Has already stamped its impress deeply on the public mind, Vid promises to raise its author 
to a higher position than ever as a leader of modern thought."— British and Foreign Evangelical 
Review, June, 1853. 

" A volume that will take rank with the best of its elans, and that will worthily occupy a place 
. side by side with the sermons of Butler and Horsley."— British Banner, June 15, 1853. 
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MAURICE— Theological Essays. By FREDERICK DENI- 

SON MAURICE, M.A. Chaplain of Lincoln's Inn. Second Edition, with a 
new Preface and other additions. Crown 8vo. cloth, 10*. 6d. 

" They are valuable a* a complete exposition of bis views of Christianity— the views of a man 
who is powerfully influencing his generation, and who profoundly believes in revealed religion 
as a series of facts disclosing God's plan for educating and restoring the human race."— 
Spectator, AuguU 6, 1853. 

MAURICE.— An Essay on Eternal Life and Eternal Death, 

and the Preface to the new Edition of the " Theological Essays." Crown 
8vo. sewed, U. 6d. 

* # * Published separately for the purchasers of the first edition. 

MERIVALE.-Sallust. 

The Latin Text, with English Notes. By CHARLES MERIVALE, B.D. 
late Fellow and Tutor of St. John's College, Cambridge, &c. Author of a 
u History of Rome," &c. Crown 8vo. cloth, 5*. 

" Our youth Ail ciaseieal scholars arn highly favoured In being provided with an Edition of 
Sallust from so accomplished an Editor as Mr. Merivale."— Athenatum. 

" This School Edition of Sallust i« precisely what the School Edition of a Latin author ought 
to be. •*— The Examiner. , 

" An excellent edition. The English Notes, which are abundant, are clear and very helpful.** 
—Guardian, 

MINUCIUS FELIX.— The Octavius of Minucius Felix. 

Translated into English by LORD HAILES. Fcp. 8vo. cloth, 3*. 6d. 

MOOR.— Cambridge Theological Papers, comprising those 

given at the Voluntary Theological and Crosse Scholarship Examinations. 
Edited, with References and Indices, by A. P. MOOR, M.A. of Trinity Col- 
lege, Cambridge, and Sub-Warden of St. Augustine's College, Canterbury. 
8vo. cloth, 7*. 64. 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By M ACVEY NAPIER, Esq. late Editor 
of the Edinburgh Review and of the Encyclopaedia Britannica. Post 8vo. 
cloth, 7s. 6o*. 

" The Essay on. Bacon Alls up an important chapter in the history of Philosophy The) 

Essay on Ralei«h is by far the best life or that remarkable man that has hitherto been published.'* 
— The Kconomitt. 

It brings together all the reliable information furnished by the printed authorities ; and adds 
thereto the special merit of introducing facta previously unknown, from unpublished MSS., which 
Mr. Napier brought to light. w — NonconfbrmiH. 

" Full of instruction and entertainment."— Morning Fori, May 29, 1854. 

NORRIS.— Ten School-Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
Majesty's Inspectors of Schools. 18mo. sewed, Sd. 
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PARKINSON.— A Treatise on Elementary Mechanics. 

With numerous Examples. By S. PARKINSON, M.A. Fellow and Assistant 
Tutor of St. John' 8 College, Cambridge. {Preparing. 

PAYN.— Poems. 

By JAMES PAYN. Fcp. 8vo. cloth, 5*. 

" Let there always be a welcome for a volume of Poems so pleasant and refreshing as these. . 
.. ..in the poet's tone there is sincerity and genial warmth, and in his simple utterance of pure 
sentiments, both refinement and winning beauty."— Nonconfitrnriit. 

" Contain thoughts of great beauty, too likely to escape the vapid and irreflective reader."— 
De Quincey, " Grave and Gay," vol.ii. p. 187. 

" Mr. Payn has considerable descriptive powers, and a stern simplicity, from which we 
augur well."— Wettmintter Review. 

" Mr. Payn's * Pygmalion * every artist may read with advantage."— The Builder 

" The happiness of youth and a simplicity that is by no means a universal gift of youth, light 
up its pages ; there is in Mr. Paynl poems that keeping which is the sure result of an honest 
expression of feeling, and entire absence of bathos and bombast : he has versatility of style to 
suit variety of topic."— The Spectator. 

" He who conceived and wrote the poem entitled * Pygmalion,' need not be indebted to any 
previous writer for either matter or manner; ' Over the Fells' is a poem of great and varied 
power and interest; ' Love's Sacrifice' might have been written by Crabbe when in his most 
genial mood." — The Britannia. 

PHEAR.— Elementary Mechanics. 

Accompanied by numerous Examples solved Geometrically. By J. B. 
PHEAR, M. A., Fellow and Mathematical Lecturer of Clare Hall, Cambridge. 
8vo. cloth, 10*. 6d. 

"The task is well executed, ..His arrangement to lucid, his proofs simple and beautiful." 

— The Educator, 

PHEAR.— Elementary Hydrostatics. 

Accompanied by numerous Examples. Crown 8vo. cloth, 5*. 6d. 
*' An excellent introductory book. The definitions art very clear ; the descriptions and ex- 
planations are sufficiently full and intelligible ; the investigations are simple and scientific. The 
examples greatly enhance its value."— English Journal of Education, March, 1853. 

PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellows of Trinity College, 
. Cambridge, (J. LI. Davies M.A., and D. J. Vaughan, M.A.) Crown 8vo. 
cloth, Is. 6d. 
" A sound and scholarly version done into choice English."— Christian Remembrancer. 

PRATT.— The Mathematical Principles of Mechanical 

Philosophy. By J. H. PRATT, M.A., Fellow of Caius College. 

* # * The above work is now out of Print: but the Part on STATICS has been re- 
edited by Mr. Todhunter, with numerous alterations and additions: the Part on 
DYNAMICS, by Messrs. Tait and Steele, is preparing. The other parts will be pub- 
lished in separate forms, improved and altered as may seem needful. 

PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By the Rev. FRANCIS PROCTER, M.A., late 
Fellow of St. Catharine Hall, and Vicar of Witton, Norfolk. Crown 8vo. 

tin the Press, 
*«* This is part of a series of Theologioal Manuals, now in progress. 



12 MACHUXAN & CO.'S PUBLICATIONS. 

PUCKLE .— An Elementary Treatise on Conic Sections and 

Algebraical Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
By G. HALE PUCKLE, M.A., St. John's College, Cambridge, Mathematical 
Master in the Royal Institution School, Liverpool. Crown 8vo. cloth, 7s. 6tL 
" A better elementary book could not be put Into the hands of a student"— Journal a/ 
Education, 

" He displays an intimate acquaintance with the difficulties likely to be felt, together with 
a singular aptitude for removing tixtm"—Athenceum. 

QUINTILIAN.-Quintilian, Book X. 

With a literal Translation. 12mo. sewed, 2*. 6d. 

RAMSAY— The Catechist's Manual; or, the Church Cate- 
chism illustrated and explained. By the Rev. ARTHUR RAMSAY, M.A. 
of- Trinity College, Cambridge. 18mo. cloth, 3*. 64. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Assistant Preacher in the Parish Church, Belfast; and Chaplain to his Excel- 
lency the Lord Lieutenant of Ireland. Crown 8vo. [In the Press. 

THE RESTORATION OF BELIEF. 

Crown 8vo. sewed 2s. 6d. each Part. 

Coktent8. — Part I* Christianity in relation to its Ancient and Modern Anta- 
gonists. 
Coxtents.— Part II. On the Supernatural Element contained in the Epistles, 

and its bearing on the argument. 
Contents. — Part III. The Miracles of the Gospels considered in their rela- 
tion to the principal features of the Christian Scheme. 
Which completes the work. [Nearly ready. 

" We are charmed with the calm, lucid, and orderly treatment of this great question." — 
Eclectic, Feb. 1853. 

" Calm and invincible logic,"— Aor/A British Review, Nov. 1858. 

" Worthy of becoming one of our standard works on the Christian Evidences."— NoncortfUrmut, 
Dee. IS, 1852. 

" Able and powerful. Its theme is not one that we can discuss, but we bear willing testimony 
to the writer's candour and to bis powers." — Athewewn. 

ROBINSON.— Missions urged upon the State on grounds 

both of Duty and Policy. An Essay which obtained the Maitland Prize in 
the year 1852. By the Rev. C. K. ROBINSON, M.A., Fellow and Assistant 
Tutor of St. Catharine's Hall, Cambridge. Fcp. 8vo. cloth, 3*. 

" In this little volume, which we heartily recommend to our readers, we have forcibly brought 
before us the claims which Christian Missions nave on the State."— CArtotan Examiner. 

ROSE (Henry John).— An Exposition of the Articles of the 

Church of England, By the Rev. HENRY JOHN ROSE, B.D. late Fellow 
of St. John's College, and Hulsean Lecturer in the University of Cambridge. 

[Preparing, 
* # * This is part of a Series of Theological Manuals now in progress. 
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SALLUST.-Sallnst. 

The Latin Text, with English Notes. By C. MERIVALE, B.D., late Fellow 
and Tutor of St. John's College, Cambridge, &c, Author of a "History of 
Rome," &c. Crown 8vo. cloth, 5*. 

" Our youthful classical scholars are highly favoured in being: provided with, an Edition of 
Sallust from so accomplished an Editor as Mr. Meri vale. "—AiheruBitm. 

SIMPSON.— An Epitome of the History of the English 

Church during the first Three Centuries and during the Time of the Refor- 
mation, adapted for the use of Students in the Universities and in Schools. 
With Examination Questions. 2d Edition, Improved. Fcp. 8vo. cloth, 5s. 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B.A. Degree. By BARNARD SMITH, M.A., Fellow of St. 
Peter's College, Cambridge. Crown 8vo. cloth, 10*. 6d. 

" A most useful publication. The Rules are stated with great clearness. The examples are 
well-selected and worked out with just sufficient detail without being encumbered by too minute 
explanations ; and there prevails throughout that just proportion of theory and practice, which 
is the crowning excellence of an elementary work." — The Rev. Dr. Peacock, Dean of Ely. 

" Tutors preparing young men for College will find the book invaluable. I cannot but think 
It must supersede all other*."— iter. S. Hawtrey, Mathematical Master, Eton. 

SMITH— Arithmetic for the use of Schools. By BARNAED 

SMITH, M. A. Fellow of St. Peter's College. Crown 8vo. cloth, is. 6d. 

* # * This has been published in accordance with very numerous requests from 
Schoolmasters and Inspectors of Schools. It comprises a complete reprint of the 
Arithmetic from Mr. Smith's larger work, with such alterations as were necessary 
in separating it from the Algebra; with many additional Examples, and references 
throughout to the Decimal System of Coinage. 

SMITH.— Mechanics and Hydrostatics, in their Principles 

and Application : with numerous systematically arranged Examples, taken 
from the Cambridge Examination Papers. With a special reference to the 
Ordinary Examination for B.A. Degree. By BARNARD SMITH, M.A. 
Fellow of St. Peter's College, Cambridge. [Preparing. 

SNOWBALL— The Elements of Plane and Spherical 

Trigonometry. Greatly improved and enlarged. By J. C. SNOWBALL, M.A. 
Fellow of St. John's College, Cambridge. A New and Cheaper (THE EIGHTH) 
Edition. Crown 8vo. cloth, 7s. 6d. 

* # * This edition has been carefully revised by the Author, and some important 
alterations and additions have been introduced. A large addition has been made to 
the collection of Examples for practice. 

** A new Edition of an old favourite text-book, and an Improvement on the seven that have 
preceded it in several respects. It has been carefully revised throughout ; the methods for 
establishing the most Important propositions are superior; more than 800 new examples -taken 
from recent Examination Papers— have been added ; and to crown all, the price has been re- 
duced. What more need be said to secure for it a welcome from those who wish to make 
themselves masters of the important subject of which it treats 7"—Athenamm, March 12, 1803. 
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TAIT and STEELE.— A Treatise on Dynamics, with nume- 
rous Examples. By P. G. TAIT, Fellow of St. Peter's College, and Professor 
of Mathematics in Queen's College, Belfast, and W. J. STEELE, Fellow of 
St. Peter's College. [Preparing. 

This will be a new Edition of that part of Pratt's Mechanical Philosophy 
which treats of Dynamics, with all the additions and improvements that 
seem needful. 

THEOCRITUS— Theocritus. 

The Greek Text, with English notes, Critical and Explanatory, for the use of 
Colleges and Schools. By the Rev. E. H. PEROWNE, M.A., Fellow of 
Corpus Christ! College. Crown 8vo. [Nearly Ready. 

THEOLOGICAL Manuals. 

Just published :— 

CHURCH HISTORY : THE MIDDLE AGES. By the Rev. C. HARD- 
WICK. With Four Maps. Crown 8vo. cloth, price 10*. Bd. 
In the Press:— 

A HISTORY OF THE CANON OF THE NEW TESTAMENT. By the 
Rev. B. F. WESTCOTT. 

THE COMMON PRAYER: ITS HISTORY AND RATIONALE. By the 
Rev. FRANCIS PROCTOR. 

The following will shortly appear:-* 

INTRODUCTION TO THE STUDY OF THE OLD TESTAMENT. 

NOTES ON ISAIAH. 

INTRODUCTION TO THE STUDY OF THE GOSPELS. 

EPISTLES. 

NOTES ON THE GOSPELS AND ACTS. 

EPISTLES AND APOCALYPSE. 

CHURCH HISTORY, THE FIRST SIX CENTURIES. 

THE REFORMATION. 

17th CENTURY TO THE PRESENT TIME. 

THE THREE CREEDS. 

THE THIRTY-NINE ARTICLES. 

* # * Others are in progress, and will be announced in due time. 

THRING.— 1. The Elements of Grammar taught in English, 

By the Rev. E. THRING, M.A. late Fellow of King's College, Cambridge, 
Head Master of the Royal Grammar School, Uppingham. Second Edition. 
18mo. bound in cloth, 2s. 

THRING.— 2. The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A New Edition. 18mo. limp cloth, 1*. 

" The book cannot be too strongly recommended or too widely circulated. Its price is small 
and its value great,"— Athmarum. 

" A very able book It is, both in substance and torm."— Spectator. 

*' A genuine contribution to tbe wants of the age."— Christian Time*. 

" A valuable elementary work. * * * His little book (we speak from personal experience 
of its use by boys) is a most valuable contribution to the educational literature of the day, and 
may be regarded as the horn- book of philology."— Critic. 

THRUPP.-Psalms and Hymns for Public Worship. Selected 

and Edited by the Rev. J. F. THRUPP, M.A. late Fellow of Trinity College, 
Vicar of Barrington. 18mo. cloth, 2*. Second paper in limp cloth.. 1*. 4d. 
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TODHUNTER.— A Treatise on the Differential Calculus ; and 

the Elements of the Integral Calculus. With numerous Examples. By 
I. TODHUNTER, M.A., Fellow and Tutor of St. John's College, Cambridge. 
Crown 8vo. cloth, 10#. 6rf. 

. •* To the different chapters will be found •ppeaded Examples sufficiently numerous to render 

another book unnecessary.** — The Preface. 
•• Will take its place among our Standard Educational Works."— Bngluh Journal of Education,, 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Crown 8vo. cloth, 10*. 64. 

"A flrst-rate text-book.**— Journal of Education. 

TODHUNTEB.— A Treatise on Algebra, for the Use of 

Students in the Universities, and of the Higher Classes in Schools. 

» ' [Preparing. 

Also by the same Author, 

An Elementary Work on the same subject, for the use of 

Beginners. 

TRENCH— Synonyms of the New Testament. 

By RICHARD CHENEVIX TRENCH, M.A., Vicar of Itchenstoke. Hants, 
Professor of Divinity, King's College, London, and Examining Chaplain to 
the Bishop of Oxford. Second edition, revised. Fcp. 8vo. cloth, 5s. 

TRENCH— Hulsean Lectures for 1845—46. Third Edition. 

Contents. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2. — Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Foolscap 8vo. cloth, 5s. 

For VERIFYING DATES. 

A perpetual Almanac for determining Dates past, present, and future; with 
a Lunar Kalendar and Tables of the more important Periods, ./Eras, Festivals,, 
and Anniversaries. Price 6d. 

*«* This is so printed, that if the margin be cut off it may be carried in a 
pocket-book. 

WESTCOTT .— A general View of the History of the Canon of 

the New Testament during the First Four Centuries. By BROOKE FOSS 
WESTCOTT, M.A., late Fellow of Trinity College, Cambridge, Assistant 
Master of Harrow School. Crown 8vo. cloth. [Before Christmas. 

WESTCOTT— An Introduction to the Study of the Gospels ; 

Including a new and improved Edition of " The Elements of the Gospel 
Harmony." With a Catena on Inspiration, from the Writings of the Ante- 
Nicene Fathers. By BROOKE FOSS WESTCOTT, M.A., late Fellow of 
Trinity College, Cambridge, Assistant Master in Harrow School. Crown 8vo. 
cloth. [Shortly. 

" Deserves and will command attention."— Christ. Remembrancer. 
" With peculiar gratification do we welcome the truly learned, vigorous, and genial work of 

Mr. Westcott The whole style of Mr. Westcott's book shows how possible it is to think 

profoundly without undermining the foundations of faith, and to be a debtor to Germany with- 
out being its Have."— AoriA British Review, A'oe. 1652. 

M It does him great credit, and is full of promise We should urge our readers to make 

themselves acquainted «ith the book.**— British Quarterly. 

%* These two books-axe part of a Series of Theological Manuals now in progress. 
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WESTCOTT.— An Introduction to the Study of the Canonical 

Epistles; including an attempt to determine their separate purposes and 
mutual relations. By BROOKE FOSS WESTCOTT, M.A., late Fellow of 
Trinity College, Assistant Master in Harrow School. [Afcortf*. 

* # * This book is part of a series of Theological Manuals which are in progress. 

WILSON.— A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of St. John's, Cambridge, and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9*. 64. 

WRIGHT.— Hellenica; or, a History of Greece in Greek, 

beginning with the Invasion of Xerxes ; as related by Diodorus and Thucy- 
dides. With Explanatory Notes, Critical and Historical, for the use of 
Schools. By J. Wright, M.A., of Trinity College, Cambridge, and Head- 
Master of Sutton Coldfleld Grammar School. 12mo. cloth, 3*. 6d. 

%* This book is already in use in Rugby and other School*. 

" The Note! arc exactly of that illustrative and suggestive nature which the student at th*> 
commencement of bis course most stands In need of, and which the scholar, who is also an ex- 
perienced teacher, alone can supply. "—Educational Tim**, April 18S8. 

•• A good plan' well executed."— Guardian, April 18, 1663. 
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or 

CLASSICAL AND SACRED PHILOLOGY. 

Contents of No. T. March 1854. 
1. On the BIRDS of ARISTOPHANES. 2. On LUCRETIUS. 3. ST. PAUL 
and PHILO JUD^US. 4. On the DATING of ANCIENT HISTORY. 

5. NOTES on the STUDY of the BIBLE among OUR FOREFATHERS. 
&c. &c. &c. 

Contents of No. II. June 1854. 
I. On the SOPHISTS. 2. On SAINT HIPPOLYTUS. 3. On some SPECIAL 
DIFFICULTIES in PINDAR. 4. On some of the GREEK TRAGIC 
FRAGMENTS. 5. On SCHNEIDEWIN'S Edition of the CSDIPUS REX* 

6. On CLASSICAL AUTHORITY for ANCIENT ART. &c &c. 

No. III. November 1854, in the Press. 
* # * Three Numbers published annually, at is. each. 
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NEW EDUCATIONAL WORKS. 
Dr. Humphreys' Exercitationes Iambicae; 

Or Progressive Exercises in Greek Iambic Verse. Second Edition, 
enlarged and improved. Fcap. 8vo. cloth. 5s. 6d. 

Mr. Wright's Hellenica, a History of Greece in Greek. 

From Diodorus and Thucydides. With English Notes, for Schools. 
Fart I. (Used in Rugby and other Public and Private Schools.) 

12mo. cloth, 3«. Gd. 
" A good plan well executed."— Guardian. 

Mr. Barnard Smith's Arithmetic and Algebra. 

With numerous Systematically arranged Examples. 

Crown 8vo. cloth, 10*. 6d. 
" A most useful Publication. The Rules are stated with great 
clearness: the Examples are well selected and worked out with 
just sufficient detail, without being encumbered with too minute 
explanations; and there prevails throughout that just proportion 
between theory and practice which is the crowning excellence of 
an elementary work." — Rev. Dr. Peacock, Dean of Ely. 

Mr. Barnard Smith's Arithmetic, for the use of Schools, 

Crown 8vo. cloth, 4*. 6d. 

This is a reprint of tlie part on Arithmetic of the above work 
with such alterations as to make it more suitable for use in Schools' 

Mr. Meilvale's (Author of " the History of Rome") Sallust for 
SCHOOLS. With English Notes. Crown 8vo. cloth t 5s. 

Mr. Drake's Demosthenes de Corona 

The" Greek Text, with English Explanatory Notes. 

Crown 8vo. cloth t 5s, 

Mr. Todhunter's Analytical Statics. 

With numerous Examples. Crown 8vo. cloth, 10*. 6d. 

" A first-rate Text-book."— Journal op Education. 

Mr. Todhunter's Differential and Integral Calculus. 

With numerous Examples. Crown 8vo. cloth, 10s. Qd, 

"Will take its place among our Standard Educational 
Works."— English Journal of Education." 

Mr. Thring's Elements of Grammar. 

Second Edition. 12mo. cloth, 2s, 

" A genuine contribution to the wants of the age." 

Christian Times. 

Mr. Thring's Child's Grammar. 

12mo. cloth, Is, 
" Cannot be too strongly recommended, or too widely circulated. 
Its price is small, and its value great."— Athenjeum. 
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